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Abstract. A singular point of a smooth map /: M — > N of manifolds of dimensions 
m and n respectively is a point in M at which the rank of the differential df is less than 
the minimum of m and n. The classical invariant of the set S of singular points of / 
of a given type is defined by taking the fundamental class [S] £ H* (M) of the closure 
of S. We introduce and study new invariants of singular sets for which the classical 
invariants may not be defined, i.e., for which S may not possess the fundamental 
class. The simplest new invariant is defined by carefully choosing the fundamental 
class of the intersection of S and its slight perturbation in M. Surprisingly, for certain 
singularity types such an invariant is well-define (and not trivial) despite the fact that 
S does not possess the fundamental class. 

We determine new invariants for maps with Morin singularities — i.e., singularities 
of types Ah for k > 1 in the ADiS-classification of simple singularities by Dynkin 
diagrams — and, as an application, show that these invariants together with generalized 
Miller-Morita-Mumford classes form a commutative graded algebra of characteristic 
classes that completely determine the cobordism groups of maps with at most Ak- 
singularities for each k > 1. 
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1. Introduction 

Let / : M — > N be a general position map of complex analytic manifolds of complex 
dimensions m and n respectively. A point x in M is singular if the differential of / at 
x is of rank less than the minimum of m and n. Let S C M denote the set of singular 
points of / of a given type. Its closure S in M is a submanifold of M with singularities 
of codimension at least 2. In particular S possesses a fundamental class whose image 
[S] in H*(M) does not change under homotopy of /. Rene Thorn observed [55], [18] 
that the cohomology class dual to [S] is a polynomial in terms of Chern classes of the 
tangent vector bundle of M and the pullback f*TN of the tangent bundle of N. Explicit 
expressions for the Thorn polynomials for particular singularity types were computed by 
Porteous [40], Ronga [45], Gaffney [17] and T. Ohmoto [38]; and recently a number of 
Thorn polynomials were explicitly computed by Rimanyi, Feher and Kazarian by means 
of a very efficient Rimanyi restriction method [42], [30], [16]. 

In the case of a general position map / : M — > N of smooth manifolds of dimensions 
m and n respectively, Chern classes are replaced with Stiefel- Whitney classes and the 
definition of Thorn polynomials carries through provided that the closure of the set of 
singular points S of a given type possesses a fundamental class for every general position 
map /. If the dimension m — n of / is positive, however, this is not necessarily the case 
since the boundary dS may be of dimension dim S — 1 . 




Figure 1. For a smooth map / of positive dimension, the set S (bold) 
of singular points of a given type may have a non-empty boundary of 
dimension dim,S — 1, and therefore may not possess a fundamental class. 
Nevertheless the intersection of S with a carefully chosen perturbation 
of S in M may still possess a fundamental class, which is a non-trivial 
well-defined invariant. 

We consider smooth maps / of positive dimension and introduce new invariants of 
singular sets. The simplest new invariant of the set S of singular points of / of a given 
type is defined by taking the fundamental class of the intersection of S and its carefully 
chosen perturbation in M. We show that for certain singularity types these invariants 
are well-defined even though the classical Thorn polynomial is not well-defined, i.e., even 
though S does not possess a fundamental class. 

Remark 1.1. If S is a closed submanifold of M, then the homology class [S' n S] does 
not depend on the choice of the perturbation S' of S in M. On the other hand, if S is 
not closed, then different choices of the perturbation S' of S lead to different homology 
classes [<S'nS]. Our computation indirectly shows that for each / there is a distinguished 
choice of the perturbation S' such that the homology class [S' n S] is an invariant of the 
set S = S(f) of singular points of / of the prescribed type. 
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We determine a number of non-trivial invariants for Morin singularities, which are 
singularities of types A T for r > 1 in the ADE classification of simple singularities 
by Dynkin diagrams [6], [7]. As an application we show that these invariants together 
with the generalized Miller-Morita-Mumford classes completely determine the rational 
cobordism groups of A r -maps, i.e., maps with singularities only of types At for i < r. 

A comprehensive study of invariants of A, D and £ type singularities of Lagrange 
and Legendre maps is carried out by Vassilyev [56] by means of the Vassilyev complex. 
Instead of the Vassilyev complex, we use the Kazarian spectral sequence which is a far- 
reaching development of the Vassilyev complex, and which is defined in the Appendix 
by Kazarian in the addition [57] of [56] (see also [27]-[30]). It follows that the pecu- 
liar invariants of singular sets of smooth „4 r -maps have no counterparts in the list of 
invariants of A r singular sets of Lagrange and Legendre maps in the book [56] . 

In the remaining introductory sections we recall the definition of generalized Miller- 
Morita-Mumford characteristic classes of surface bundles and extend these invariants to 
invariants of smooth maps (§2); recall the Landweber-Novikov version of Thorn polyno- 
mials (§3); define new invariants of maps with prescribed singularities (§4); and give a 
geometric interpretation of invariants of „4 r -maps (§5). In sections 7-11 we define Morin 
singularity types A r and compute their relative symmetry groups. In section 12 we con- 
struct the classifying loop space f2°°A r for maps with A r singularities; the cohomology 
classes in fP(r2°°A r ) are invariants of „4 r -maps. In subsequent sections we compute 
the rational cohomology groups of f2°°A r by means of the Kazarian spectral sequence. 
Computation of differentials in the Kazarian spectral sequence is the most technical part 
of the paper; the dimensional argument in our case is not sufficient (see the discussion in 
the beginning of section 15). In the final sections §22— §24 we turn to applications of new 
invariants. After a brief review of necessary theorems from rational homotopy theory 
(§22), we recall the definition of cobordism groups of maps with prescribed singularities 
(§23), and compute the rational cobordism groups of A-maps for each r > 1 (§24). 

2. The generalized Miller-Morita-Mumford classes 

Let / : M — > N be a smooth map of closed manifolds of dimensions m and n respec- 
tively with positive difference d = m — n. We may choose a positive integer t > and 
embed M into M* x N so that / is the projection of M onto the second factor. Let j 
denote the inclusion into R* x N of an open tubular neighborhood of M in R* x N. We 
recall that the one point compactification construction is contravariant with respect to 
inclusions of open subsets. In particular, the inclusion j leads to a map 

j+: S* AJV + ^Thz/ 

of one point compactifications, where N + stands for the disjoint union of N and a point, 
while Thzv is the one point compactification of the open tubular neighborhood of M. 
If the map / is oriented, i.e., there is a chosen orientation of the stable vector bundle 
f*TN TM over M, then there is a homomorphism, called the Umkehr (or Gysin) 
map [11], 

/, : H*{M) A H* +t - d (Thu) ^ #*+*-^(5* A N + ) ^ H*- d (N) 

where the first and last maps are Thorn isomorphisms, and all cohomology groups are 
taken with coefficients in Q. 
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Generalized Miller-Morita-Mumford classes of a map / are defined under the assump- 
tion that / has no singular points, or, equivalently, that the map / is the projection 
map of an oriented smooth fiber bundle. In this case / determines a vertical tangent 
bundle over M which is the subbundle of the tangent bundle of M that consists of vec- 
tors tangent to the fibers of /. We note that the vertical tangent bundle represents the 
stable vector bundle TM © f*TN. Given a characteristic class p of vector bundles, the 
generalized Miller-Morita-Mumford class k P (f) associated with p is defined to be the 
image of the class p of the vertical tangent bundle under the Umkehr map 

fr. H*(M) — > H*- d (N). 

These classes generalize the standard Miller-Morita-Mumford classes [34], [35], [36], 
which are characteristic classes of surface bundles. If / is not a fiber bundle, i.e., if 
/ has singular points, then the vertical tangent bundle does not exist, but it can be 
replaced by the stable vector bundle TM © f*TN. Thus for every characteristic class 
p of oriented vector bundles of dimension d that is a polynomial in terms of Pontrjagin 
classes, we define the (extended) generalized Miller-Morita-Mumford class k p (f) of a 
smooth map / to be the class in H*(N) given by the image of the p-th. characteristic 
class of TM © f*TN under the Umkehr map f\. 

Theorem 2.1. The generalized Miller-Morita-Mumford class k p associated with an ar- 
bitrary rational Pontrjagin class p G Q[pi,P2, ■■■] is a non-trivial characteristic class of 
Ar-maps for each r > 0. 

Remark 2.2. The extended generalized Miller-Morita-Mumford classes associated with 
different Pontrjagin classes are algebraically independent. In particular, the class k PlP2 
can not be expressed in terms of k Pl and k P2 - The generalized Miller-Morita-Mumford 
classes are closely related to Landweber-Novikov operations (see §3). 

Remark 2.3. In the case of maps of even positive dimension d, Ebert showed that 
the generalized Miller-Morita-Mumford classes are algebraically independent already for 
manifold bundles [13]. On the other hand, in contrast to Theorem 2.1, in the case of maps 
of odd positive dimension d, there are trivial generalized Miller-Morita-Mumford classes 
on manifold bundles; Ebert computed that these are precisely the characteristic classes 
associated with classes in the ideal generated by the components C/t n G -ff 4n (BSOd) of 
the Hirzebruch £-class for An > d, see [13]. 

In the next section we define characteristic classes of Morin maps associated with 
higher singularities. 

3. The Landweber-Novikov version of Thom polynomials 

To begin with we fix a prescribed set of singularity types (or just one singularity 
type) so that for any choice of a general position map / : M — > N of complex analytic 
manifolds of dimensions m and n respectively, the set S of points at which / has a 
prescribed singularity is a submanifold of M. We do not require that the set S is closed 
in M and let T denote the set S\S. The Thom polynomial Tp(/) can be defined to be 
the image of the Thom class under the homomorphism 

(1) H*{M\T,M\S) — ► H*{M\T), 
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induced by the inclusion of pairs of topological spaces. It is known that the class Tp(/) 
lifts to a cohomology class on M, and therefore we may regard Tp(/) to be a cohomology 
class in H*(M) defined up to the image of the group H*(M, M\T). In other words, the 
so-defined Thorn polynomial Tp(/) is defined only up to cohomology classes that come 
from "higher order" singularities. For an example, we refer the reader to the paper of 
Rimanyi [43]. 

Motivated by Landweber-Novikov operations in the complex cobordism theory, Kazar- 
ian defined the Landweber-Novikov version of Thorn polynomials of holomorphic maps 
[29]. For the Thorn polynomial Tp(/) G H*{M) of a holomorphic map /: M ->• N of 
complex analytic manifolds, the Landweber-Novikov version of Tp(/) is defined to be 
the class f\ Tp(/) G H*(N). 

Remark 3.1. The operations MU*(MU) in complex cobordisms are determined by 
Landweber [31] and Novikov [37] (see also [1]). The group of cobordism operations 
is isomorphic to the completed tensor product MU*(-)<8>-A*, where A* is the group 
of basic cobordism operations. Basic cobordism operations are linear combinations 
of Landweber-Novikov operations s w ; there is one operation s w for each set of inte- 
gers w = (wi, Wk)- The latter operations correspond to cohomology operations in 
iJ*(MU), e.g., see the proof of [31, Theorem 4.2]. The Landweber-Novikov version of 
the Thorn polynomial f\ Tp(/) is an invariant of the cobordism class of /[29]; in par- 
ticular it determines an operation in F(MU) which associates the cohomology class 
f\ Tp(/) to each cobordism class / of appropriate dimension. Thus, each singularity type 
determines [29] a linear combination of cohomology Landweber-Novikov operations. 

Higher Thorn polynomials Tp(/,p) of the singular set S are defined to be the classes 
i\p(u), where p is any characteristic class of vector bundles and v is the normal bundle 
of the proper inclusion i of S into M\T. In particular, the Thorn polynomial Tp(/) 
coincides with Tp(/, 1). By the Kazarian spectral sequence, it immediately follows that 
each class Tp(/, p) is a polynomial in terms of characteristic classes of the tangent bundle 
of M and the pull back f*TN of the tangent bundle of N. Furthermore this polynomial 
expression for Tp(/,p) is unique up to the ideal generated by polynomial invariants of 
higher order singularities. 

Next, let us turn to a generalization of the above definitions to the case of maps 
/ : M — > N of manifolds. We do not assume that M and N are complex analytic, and 
we do not assume that / is holomorphic. Instead, we assume that M and N are smooth, 
and / is a solution of a fixed coordinate free differential relation 1Z (e.g., / is a smooth 
map, or / is a Morin map). To begin with we give a straightforward generalization of 
the above definitions. Then we explain why such an approach does not work and modify 
the definition. 

As above we fix a prescribed set of singularity types so that for any choice of a general 
position map /: M — > N of manifolds, the set S of points at which / has a prescribed 
singularity is a submanifold of M. Let T denote the set S\S. In contrast to the case 
of holomorphic maps, the cohomology class tp(/) 6 H*(M\T) defined by means of the 
homomorphism (1) may not admit a lift to a class in H*(M). To simplify the exposition, 
let us assume that it admits a lift to a class in H*(M). Then we may identify tp(/) 
with a cohomology class in H*(M) defined up to the image of H*(M, M\T). 

Next example shows that the class tp(/) is not necessarily an invariant of 7£-maps. 
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Example 3.2. The simplest singularity types for maps of positive dimension are fold 
(see Definition 5.1), cusp and swallowtail singularity types, which are Ai, A2 and A3- 
singularity types in the ADE classification. There is a map / for which the class tp(/) 
associated with the set S of fold singular points of a given index is not trivial. On 
the other hand, if the dimension of the target of / is at least 2, then the map / is 
homotopic in the class of maps with swallowtail singular points to a map g with no 
closed components of S. Since the class tp(g) is trivial, we have tp(/) / tp(g). 

If the normal bundle v of the proper embedding i of S into M\T has a canonical 
orientation, then for each characteristic class p of vector bundles, we define the class 
tp(/,p) by i\p{v). If the normal bundle is not orientable, then the class tp(/,p) can 
still be defined by means of the Umkehr map [39] with twisted coefficients; the class 
tp(/iP) ma Y still be a class with non-twisted coefficients. In contrast to higher Thorn 
polynomials in the case of complex analytic maps, in the case of smooth 7£-maps a 
priory the class tp(/, p) is not necessarily an invariant in the sense that if / and g are 
two 7£-maps which are homotopic through 7£-maps, then tp(/,p) maybe different from 
tp(#,p)- 

Example 3.3. Let /: M — > N be a fold map from an oriented closed path-connected 
manifold M of dimension 8s + 4 to an oriented manifold of dimension 4s + 3 for some 
integer s > 0. Then the set ScMof fold singular points of / of a fixed even index a < 2s 
is an oriented closed submanifold of M of dimension 4s + 2 that carries a fundamental 
class. Let e be the Euler class of vector bundles of dimension 4s + 2. Then the class 
tp(/ ; e) associated with the set S equals n times the generator of H Ss+4 (M), where n is 
the algebraic number of points in the intersection of S and its slight perturbation in M. 
We will see that this class may be non-trivial. On the other hand, as in Example 3.2, 
the map / is homotopic through ^.3-maps to a map g with no closed components of S. 
In particular, the Euler class e evaluated on the normal bundle of S in M \ T has no 
non-trivial components, and therefore tp(g, e) = 0. 

In the next section we will modify the definition of the class tp(g, e) so that it agrees 
with the class tp(/, e). 



4. New invariants of smooth maps with prescribed singularities 

Examples 3.2 and 3.3 show that in general the classes tp(/,p) may not be invariant 
under homotopy of / through 7£-maps, and therefore, the straightforward generalizations 
of the Thorn and higher Thorn polynomials to the case of smooth maps of positive 
dimension are not appropriate. The reason of the failure of invariance of tp(/,p) is in 
indeterminacy of tp(/,p), which is not invariant under homotopy of 1Z- maps. To rectify 
the issue we define the classes tp(/,p) by means of classifying spaces. To motivate the 
definition, suppose that there is a smooth universal 7£-map F: E — > B for which there 
is a (not necessarily injective or surjective) correspondence between homotopy classes of 
7£-maps / : M — > N and homotopy classes of maps / : iV — > B such that pairs (/, /) of 
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corresponding maps fit pullback diagrams 



M 



> E 



/ 



F 



N 



f 



> B. 



Then we may compute the Landweber-Novikov version F\tp(F,p) of classes tp(F,p), 
which we denote by Tp(F,p) £ H*(B), and define Tp(/,p) to be the pullback classes 
/* Tp(F, p). The so-defined classes Tp(/,p) are invariant under homotopy of 7£-maps 
since the homotopy class of / does not depend on the choice of an 7£-map representing 
the homotopy class [/] of 7£-maps. In general a smooth universal 7£-map of finite 
dimensional manifolds may not exist, but a classifying space which plays the role of B 
always exists and we will use one. 

Remark 4.1. A few constructions of the universal map u are known for different choices of 
1Z. For smooth maps of negative dimension with a prescribed set of simple singularities, 
the universal map has been constructed by Rimanyi and Szucs [44]. For maps of an 
arbitrary fixed dimension with an arbitrary set of singularities, the universal map is 
constructed by Kazarian [30]. In [49] the author used a different construction adopted 
from the construction of Madsen and Weiss [32], which can be sketched as follows. 
Consider the space of pairs (/, A), where A is a standard simplex and / is an 7£-map 
into A. The i-th face of (/, A) is defined to be the pair (dif, Aj), where Aj is the i-th 
face of A and dif = /|/ _1 (Aj). The space B is defined to be the quotient of the space of 
points x £ A in all pairs (/, A) under the identifications generated by identifications of 
pairs (/', A') and those faces (dif, Aj) that are identical to (/', A'). The union of maps 
/ determines a map u: E — > B. Now, let / : M — > N be an arbitrary 7£-map. Choose a 
triangulation of N by simplices A. Then each pair (/|/ _1 (A), A) has a counterpart in 
the space B, and therefore there is a map /: N — > B. 

Surprisingly, the classes Tp(/,p) may be non-trivial invariants even if the classes 
Tp(/) are not invariants. 

Example 4.2. Let /: M — > N be a fold map of dimension 4s + 1 of oriented closed 
manifolds for some non- negative integer s. Then the set ScMof fold singular points 
of / of a fixed index a < 2s is an oriented closed submanifold that carries a fundamental 
class. However, a homotopy of / through Morin maps does not preserve the homology 
class [S]. On the other hand, the invariant Tp(/, e) = I[ a associated with fold singular 
points of index a and the Euler class e does not change under homotopy through Morin 
maps. Furthermore, according to Theorem 6.2, this class is non-trivial (despite the fact 
that the class Tp(/) is not an invariant). 

Remark 4.3. If S stands for the set of all fold singular points of a fold map / of dimension 
4s + 1, then [S] does not change under homotopy of / through Morin maps; the Thorn 
polynomial of fold singular points of all indices is well-defined. The invariant ^2l[ a , 
where a ranges over all indices 0, ...,2s + 1, was studied by Ohmoto, Saeki and Sakuma 
in the paper [39]. The authors proved that this invariant equals p2 S +i(TM © f*TN) € 
H 8s+4 (M) modulo 2-torsion if considered with integer coefficients. 
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Remark 4.4. A priori the classes Tp(/, p) are not polynomials in terms of characteristic 
classes of the tangent bundle of M and the pullback f*TN of the tangent bundle of N. 

5. Well-defined invariants of A--maps 

The list of invariants of A r maps depends on the dimension d. In this section we list 
well-defined invariants of Morin maps / : M — > N of dimension d, where d = 4s + 3 
for some s > 0, see Theorem 20.6 (the other characteristic classes can be described 
similarly). Namely, we describe the classes 

(2) lQ,a(f)>W)Mf) and °Q(f) 

in H*{N) corresponding to some of the generators of cohomology algebras H* (f2°° A r ) 
of the classifying infinite loop space of „4 r -maps. To this end we will describe the classes 

(3) lQ,a(f)>W> T Kf) and <?(/) 

in the cohomology group H*(M) such that each class in (2) is a pushforward of the 
corresponding class in (3) by means of f\. 

Since in general the definition of invariants is not straightforward (see Examples 3.3 
and 4.2), to simplify the exposition we will assume that the given map / : M — > N is a 
fold map. Our computation shows that each of these classes extends to an invariant of 
„4 r -maps for each r. 

Definition 5.1. A map /: M — > N is a fold map if for each point x £ M there are 
coordinate neighborhoods U C M of x and V of f(x) such that either f\U is regular or 
f\U is of the form 

(4) (x\, X m ) ' y { — x\ — • ■ ■ — x\ + + • • • + X^ +b , Xa+b+l, -i %m) 

for some a and b, with a < b, where (x\, x m ) are coordinates in U. The number a in 

(4) is called the index of a fold singular point x of/. From the local form (4), it follows 
that if / is a fold map, then the set S a (f) of all fold singular points of / of index a is a 
submanifold of M. 

5.1. Invariants Iq^ and Iq. We will see that the normal bundle is a , with a = 0, 2s+ 
1, of the submanifold i a : S a (f) C M of fold singular points of / of index a has a canonical 
orientation. Let U a denote the Thorn class in H 4s+A (M, M \ S a (f)) orienting u a , and 
let e a G H*(S a (f)) be the Euler class of v a given by the restriction of U a to S a (f). 

A choice of an orientation of the cokernel bundle of / over S a (f) leads to a splitting 
v a = © v~ of the vector bundle v a into the Whitney sum of its subbundles where the 
quadratic form of / is positive definite and negative definite respectively. We choose the 
orientation of the cokernel bundle of / over S a (f) so that the dimensions of v+ and v~ 
are a and b = 4s + 4 — a respectively. 

Let Q denote a polynomial in [a/2\ + [b/2\ variables pi, ■■■,Py a /2\ an d v'\i ■■■■>P'\p/2\ • 
Then the invariant Iq a (f) is defined to be the class in H*(M) given by the image under 
the Umkehr map (i a )\ of the class 

(5) e a Q(pi(^+), . . . ,p [a/2 \ ),Pi(^a ), • • • ,P[_6/2j { v a )), 

where the classes p-ii^a) an d Pj(v~) are the corresponding Pontrjagin classes of f+ and 
f ~ respectively. This invariant is trivial if a is odd, since the rational Euler class of an 
odd dimension class is trivial. 
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Remark 5.2. We will see that for each polynomial Q there is a map / with nontrivial 
invariant I'q a {f)- This class determines an invariant of Morin maps, despite the fact 
that the fundamental class of S a is not invariant under homotopy through Morin maps. 
We will also see that, for example, the classes (i a )\Q do not determine invariants of 
Morin maps. 

The invariant I'q 2s +2(f) = ^q(/) * s weu defined only under an additional assumption 
as the normal bundle of S a (f ) in M for a = 2s + 2 may not split. Here we need to 
assume that the polynomial Q is chosen so that 

Q(Pl, -,P2s+2,Pl, ■■■,P2s+2) = Q(Pl, -,P2s+2>PU -,P2s+2)- 

5.2. Invariants gq and tj. The class gq is defined somewhat similarly to I'q. To begin 
with we choose a polynomial Q in variables pi, ...,p2 S +2,Pi, ■■■,P 2s +2 so that 

Q(Pl, -,P2s+2,p' 1 , -,P2s+2) = -Q(Pl, -,P2s+2iPli -,P2s+2)- 

Next we define cohomology classes gq^ £ H*{M) as above replacing (5) by (i a )\Q- 
The classes gq^ are not invariant under Morin homotopies of /, but it turned out (see 
Theorem 20.6) that the class 

2s+2 

(6) a Q=Yl i- l T°Q* 

a=0 

is a well-defined invariant. 

Remark 5.3. The invariant gq is not defined, for example, for Q = 1, because the 
normal bundle of the set S of singular points of index 2s + 2 is non-orientable, and 
therefore there is no rational Thorn class U a . On the other hand, if we consider, for 
example, only oriented functions, then the invariant g± can be defined. In fact, for a 
function / : M — > M on a closed oriented manifold of dimension 4s + 4, the invariant G\ 
is Poincare dual to the homology class given by the Euler characteristic of M times the 
fundamental class of M. 

Finally, the class Tj, with j = s + 1, ...,2s + 2, is defined similarly to gq. Here we 
replace the polynomial Q by p'^Q and take the sum (6). 

6. COBORDISM GROUPS OF MORIN MAPS 

A generalized cohomology theory associates to each topological space a sequence of 
abelian groups, called generalized cohomology groups, satisfying all Eilenberg-Steenrod 
axioms except the dimension axiom. Cobordism theories constitute an important class of 
generalized cohomology theories [53], [46]; each cobordism theory Cob* corresponds to a 
structure r on continuous maps so that the cobordism groups Cob*(N) of a smooth man- 
ifold N are isomorphic to appropriately defined groups of cobordism classes of r-maps of 
smooth manifolds into N. For example, the oriented cobordism groups MSO*(iV) (re- 
spectively, complex cobordism groups MU*(iV)) of a possibly non-orientable manifold 
N are isomorphic to the groups of appropriately defined cobordism classes of oriented 
maps (respectively, maps with MU-structure) into N . 

It turns out that the cobordism theory of smooth maps with prescribed singularities 
into smooth manifolds fit the classical setting well. In this case one identifies r with a 
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set of prescribed singularities of smooth maps and defines a T-map of smooth manifolds 
to be a smooth map with singularities of type r. Then under a general conditions on r 
the notion of r-maps can be formally extended to the category of topological spaces and 
continuous maps so that the appropriately defined cobordism groups of r-maps form a 
cobordism theory (see Theorem 23.1). 

Remark 6.1. It is interesting that while the classical cobordism theories are defined 
by means of spectra MG = M(G) associated with subgroups G C O such as G = 
O, SO, U, • the cobordism theories of r-maps are defined by means of spectra X r = 
M(\JG a ) associated with relative symmetry groups G a C O of singularity types a G r 
(see section 13). 

Cobordism groups of various versions of Morin maps of non-negative dimension are 
studied in a series of papers by Ando [2], [3], [4], Kalmar [23], [24], [25], [26], Saeki [52], 
[51], Ikegami-Saeki [20], [21], Ikegami [19], and the author [48]. For a study in the case 
d < we refer an interested reader to the paper of Szucz [54] . 

As an application of our study of invariants of „4 r -maps, we determine the rational 
oriented cobordism groups of A r -maps. In fact, we show that these groups are completely 
determined by rational characteristic classes, and on the other hand, our computation 
shows that the algebra of rational characteristic classes is a tensor algebra of polynomial 
and exterior algebras (Theorem 6.2) in terms of above defined invariants and generalized 
Miller-Morita-Mumford classes. More precisely, let A r denote the infinite loop space 
of the spectrum A r of the oriented cobordism group of .Ar-maps (see section 12). Then, 
the cobordism theory of A r -maps associates to a topological space X a sequence of 
groups 

K(X): = [X^-'Ar] 

where i > 0. On the other hand the spectrum 0,°°A r is rationally equivalent to a 
product of rational Eilenberg-Maclane spaces K(Q,n) (see section 24). Consequently 
the rational oriented cobordism class of an A r -map / : M — > N classified by a continuous 
map u : S d A N + — > 0,°° A is completely determined by the set of rational characteristic 
classes 

{X(f) :=j[u*( X )]\x£H*(n°°A) }, 

where j is the Thorn isomorphism H*(S d A N+) ps H*~ d (N). Theorem 6.2 below de- 
scribes the algebras H*(Sl°°A) of characteristic classes of oriented Morin maps according 
to the dimension d. 

Theorem 6.2. The algebra H*(Q°°A r ) is a tensor product of polynomial and exterior 
algebras. The generators of the polynomial algebra (respectively exterior algebra) are 
in bijective correspondence with the homology classes of even (respectively odd) order in 
iJ*(A r ). The ranks of these groups are listed in Theorems 19.1-21.6, while the generators 
of the dual cohomology algebra are listed in the proofs of Theorems 19.1-21.6. 

Corollary 6.3. For every r > 1 there is an A r -map of even dimension that is not 
rationally cobordant (and hence, homotopic) through A r -maps to a map without A r - 
singularities. On the other hand, for example, if r + 1 is divisible by 4, then every 
Ar-map of odd dimension is rationally cobordant in the class of Ar-maps to a map 
without A r singular points. 
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Our main tools are the bordism version of the Gromov h-principle [50] (see also [5], 
[14], [47], [54]) associating to a set r of prescribed singularities a classifying infinite loop 
space X T (see section 13), and a so-called Kazarian spectral sequence [27], [28], [29], [30], 
which facilitates computations of cohomology groups of X T . 



7. Singularity types 

Let M and N be two manifolds. By definition, a map germ from M to N at a point 
x € M is an equivalence class of maps from a neighborhood of x in M to N. Two maps 
represent the same map germ at x if their restrictions to some neighborhood of x in M 
coincide. Slightly abusing notation we write / : (M, x) — > (N, f{x)) for the map germ at 
x represented by a map /; we note that the map / that defines a map germ at x may 
not be defined over M. 

A map germ / : (M,x) — > (N,f(x)) represented by a map of smooth manifolds 
is called singular if the differential of / at x is of rank less that min(dimM, dim N). 
Otherwise / is said to be regular. Two map germs f,g : (M,x) — > (N, f(x)) are said to 
be right-left equivalent, or simply 1ZC- equivalent, if there are diffeomorphism germs a 
and (3 of neighborhoods of x in M and f(x) in iV respectively such that / = /3ogo a^ 1 . 
By definition, the singularity type of a map germ is an equivalence class of map germs 
under the relation generated by the right-left equivalence relation and the equivalences 
[/] = [/ x idig], where idjj is the identity map germ of (R, 0). Thus the equivalence 
relation given by singularity types is the minimal coordinate-free equivalence relation 
on map germs that allows us to relate singularities of maps M — > N with singularities of 
homotopies M x [0, 1] — > N x [0,1]. Every singularity type contains a so-called minimal 
map germ that is not right-left equivalent to any germ of the form / x id]R. 

The codimension q of a map of an m-manifold into an n-manifold is defined to be the 
difference n — m. Similarly, the dimension d of such a map is the difference m — n. 1ZC- 
equivalent map germs are of the same dimension (and codimension). In what follows, 
with a few exceptions, we will assume that the dimension d of considered maps is positive. 
In the case d = the computations can be carried out in a similar way with a few 
modifications. 

Example 7.1. For each number d > 0, there is a submersion singularity type of map 
germs of dimension d. Its minimal map germ is given by a unique map (M rf , 0) — > (R°, 0). 
Similarly for each number q > 0, there is an immersion singularity type of map germs 
of codimension q. Its minimal map germ is given by the inclusion (R°,0) — > (1^,0). 

The simplest measure of complexity of a map germ / : (M,x) — > (N,f(x)) is the 
corank of / which is defined to be the number 

min(dim M, dim N) — rk/(x) , 

where rk/(x) stands for the rank of the differential of / at x. For example, immersion 
and submersion map germs are precisely the corank zero map germs. Of course, the 
simplest singularities of map germs are of corank one. Among corank one singularities 
there is a countable series of so-called Morin singularities which are the simplest corank 
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one singularities . We will define Morin singularity types below by listing their minimal 
map germs. A map is said to be Morin if it has only Morin singularities. 

8. Minimal Morin map germs 

Every minimal Morin map germs is 7£X-equivalent to one of the following map germs 
(e.g., see [8]). 

8.1. Regular map germ Aq. The minimal regular germ of dimension d is the projec- 
tion M. d — > M. . For any smooth map /: M — > N of manifolds, the set of regular points 
of / is an open submanifold M. 

8.2. Fold germ Ai(a, b). The canonical form of a minimal fold germ 

(7) (R d+1 ,0) — > (R\0) 
of dimension d, with d > 0, is given by a quadratic form 

(8) y = Q(a,b) := -x\ x 2 a + x 2 a+1 ^ V x 2 a+b , a + b = d+l,a<b, 

where x\, Xd+i are the standard coordinates in R d+1 and y is the standard coordinate 
in the target manifold R 1 . In other words a minimal fold map germ is nothing but a 
Morse function, while a general fold map germ is right-left equivalent to the product 
/ x idjRs of a Morse function / and the identity map germ id^s of R s . The integer a in 
the equation (8) is said to be the index of the map germ (7). The singularity types of 
fold map germs with different indices are not 7?X-equivalent. We will denote by A\(a, b) 
and Ai the singularity type of the map germ (8) and the union of all fold singularity 
types A\(a,b) respectively. For a general position map /: M — > N of dimension d, the 
set of fold singular points of / is a submanifold of M of codimension d + 1, which may 
not be closed in M. If / is a Morin map, then the closure of the set of fold singular 
points of / is a closed submanifold of M. 

8.3. Morin map germ A 2r (a, 6), r > 0. There is one Morin singularity type A 2r (a, b) 
of map germs of dimension d > for each positive integer r and two non-negative 
integers a, b such that a < b and a + b = d. The canonical form of a minimal A2r(a, b) 
germ 

(R a+6+2r ,0) — ► (M 2r ,0) 

is given by 

yi = U, i = 1, . . . ,2r - 1, 

y2r = Q{a, b) + t ± X + t 2 X 2 + ■■■+ t 2 r~lX 2r ~ l + X 2r+1 , 

where (xi, Xd, x, t±, £27—1) ar e the standard coordinates in Ji a + b + 2r an d (yi, ...,y2 r ) 
are the standard coordinates in M 2r . We put 

A 2r = U A 2r (a,b). 

a,b 

The set of ^,2r-singular points of a general position map of dimension d is a submanifold 
of the source manifold of codimension d + 2r. For a Morin map of dimension d, the 

4n the case of maps of negative dimension the complement in the space of corank one map germs to 
the space of Morin map germs is of infinite codimension. However in the negative codimension case, D 
and E type singularities are also of corank one. 
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closure of the set of „42r-singular points is a submanifold of the source manifold of 
codimension d + 2r. A singular point of type Ai is called a cusp singular point. 

8.4. Morin map germ Af r+1 (a,b), r > 0. There is one singularity type «4.2r+i( a > b) 
and one singularity type „4,2 r+1 (a, 6) °f ma P germs of dimension d for each positive 
integer r and a pair of non-negative integers (a, b) such that a < b and a + b = d. If is 
even, then there is also a singularity type „4,^~ r+1 (a, a) = ^2~r+i( a i a ) with a = d/2. The 
canonical form of a minimal A^ r+1 (a, b) germ 

(R a+6+2r+1 ,0) — »• (M 2r+1 ,0) 

is given by 

yi = U, i = l,...,2r, 
J/2r+i = &) + hx + i 2 x 2 H h £ 2r x 2r ± x 2r+2 , 

where (x,i , x^, x, ti, t 2 r) and (yi, 2/2r+i) are the standard coordinates in fl£ a + 6 +2r+i 
and M 2r+1 respectively. The Morin singularity types ^,^ r+1 (a, b) and .Aj r+1 (a, 6) are the 
same if and only if a = b. We put 

A 2r +i = U ^f r+1 (a, b). 



a, i 



The set of ^2r+i-singular points of a general position map of dimension d is a subman- 
ifold of the source manifold of codimension d + 2r + 1. The closure of ^,2r+i-singular 
points of a Morin map is a closed submanifold. A singular point of type ^.3 is called a 
swallowtail singular point. 

For a smooth map /, the set of singular points of / of type Ai will be denoted by 
Ai(f). In general the closure of the set of Morin singular points of a smooth map 
/ : M — » N may not be a submanifold of M. However, as has been mentioned, for a 
Morin map / of dimension d > 0, there is a sequence of manifolds and embeddings 

m = Mf) ^- Mf) ^- Mf) t^-Mf)* 2 ----, 

where -4o(/) stands for the set of regular points of /. 

8.5. Vector bundle morphisms associated with Morin map germs. Let / : M — > 

N be a Morin map of a manifold of dimension m into a manifold of dimension n. It 
gives rise to a series of homomorphisms corresponding to partial derivatives of /. We 
recall some of these homomorphisms here (for details see the foundational paper by 
Boardman [10]). 

Over the set Ao(f) the differential df of / gives rise to an exact sequence of vector 
bundle morphisms: 

(9) — > K — ► TM f*TN — ► 0, 

where TM and TN stand for the tangent bundles of M and respectively. The vector 
bundle Kq over Ao(f), defined by the exact sequence (9), is called the kernel bundle, it 
is of dimension d = m — n. We emphasize that Kq is not defined over the manifold M, 
and all vector bundles in the exact sequence (9) are over (or restrictions to) the open 
subset A (f) of M. 
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The closure of the set Ai(f) of Morin singularities of / is a closed submanifold of M 
of dimension n — 1. The differential df of / gives rise to an exact sequence of vector 
bundle morphisms 

(10) — > Ki — ► TM f*TN — >Ci — > 

over Ai(f), where the canonical kernel bundle K\ is of dimension m — n + 1 and the 
canonical cokernel bundle C\ is of dimension 1. In local coordinates, the above exact 
sequence is defined by means of partial derivatives of / of order 1. The restriction 

f\Mf) ■■ MS) — »• n 

is a smooth map of manifolds. Its singular set is again a smooth submanifold of M; in 
fact it coincides with the closure A 2 (f) °f t ne se t °f cusp singular points of /. If the set 
A 2 (f) is em Pty> then the map / induces a non-degenerate symmetric bilinear form 

(11) /fi®!?!— >Ci. 

In particular, if dim K\ is odd, then C\ is orientable , and there is a canonical orientation 
of C\ with respect to which the index of the quadratic form associated with the bilinear 
form (11) is less than ^dimifi. 

If the set A 2 (f) is non-empty, then the map / induces an exact sequence of vector 
bundle morphisms 

— > K 2 — >• Kx — ► Hom(ifi, d), 

over A 2 (f) by means of partial derivatives of / of order 2, where K 2 is a line bundle. 
In the standard coordinates listed above, the line bundle K 2 is spanned by It is 
tangent to the submanifold of singular points of /. 

Over ^2(/) there is a canonically defined non-degenerate symmetric bilinear form 

(12) K X IK 2 ®K X IK 2 ^C X . 

For i > 2, the set Ai(f) is a submanifold of M and the set of singular points of the map 

f\MS) ■ MS) — »• n 

coincides with Ai+i(f). Over the set of Ai singular points, with i > 2, the map / 
induces an isomorphism of line bundles 

K 2 ^Hom(o 4 K 2 ,Ci), 

where Oji^ 2 stands for the symmetric tensor product of n copies of K 2 . For details we 
refer to the paper of Boardman [10]. 

Remark 8.1. For an oriented Morin map / : M — > N, the canonical kernel bundle K\ over 
the set of regular points Ao(f) carries a canonical orientation since K\ ps TM Q f*TN. 
Similarly, if the cokernel bundle C\ is oriented over A r (f), then the kernel bundle over 
A r (f) carries a canonical orientation since K\ ~ TM Q f*TN ®C\ over A r (f)- We will 
always choose the orientation of C\ so that the index of the quadratic form of / is less 
than ^dimi^i. 
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9. Definition of relative symmetries 

We recall that d is a fixed integer (we are primarily interested in the case d > 0, but 
the definitions of this section are valid for a general integer d). Let N be a non- negative 
integer such that N + d > 0. For i > let Diff (W, 0) denote the group of diffeomorphism 
germs of (M*,0). Then the group 

Diff (R N+d , 0) x DifftR^O) 

is the group of coordinate changes in the configuration space R N+d x R N . The space of 
map germs 

(R N+d ,0) — »• (R N ,0). 

admits a so-called right-left action of the group of coordinate changes; an element (a, j3) 
of the group takes a map germ h to the map germ f3 o h o a -1 . The symmetry group of 
a map germ h is a subgroup Stab(/i) of the group of coordinate changes that consists of 
elements acting trivially on h. 

Theorem 9.1 (Janich-C.T.C. Wall, [22], [58]). Let f: R" W be a finitely determined 
map germ. Then any compact subgroup o/Stab(/) is contained in a maximal such group, 
and any two maximal compact subgroups are conjugate. 

The relative symmetry group of a map germ h is a maximal compact subgroup of 

Stab(/i) n { (a,p) G Diff(R JV+d ,0) x Diff(R iV ,0) | det(cfo|0) • det(d/9|0) > }. 

By definition, the right representation (respectively, left representation) of a relative 
symmetry group G is its representation on the source space (M. N+d , 0) (respectively, on 
the target space (R^, 0)). In other words, the right and left representations of the group 
of coordinate changes are the respective projections 

Diff(M JV+fl! ,0) x Diff(R JV ,0) — »• Diff(R iV+d ,0) 

and 

Diff (R N+d , 0) x Diff(R iV ,0) — »• Diff(R JV ,0) 

onto its factors. We say that a right (respectively, left) representation of the symmetry 
group is orientation preserving, if the right (respectively, left) representation of every 
element of the symmetry group is orientation preserving. We note that the right (respec- 
tively, left) representation is orientation preserving if and only if the left (respectively, 
right) representation is. The image of a relative symmetry group G under the right and 
left representations will be denoted by 1ZG and CG respectively. For an element g £ G, 
its image in 1ZG and CG will be denoted by 1Z 9 and C g respectively. 
We will often use the Bochner local linearization theorem. 

Theorem 9.2 (Bochner, [33]). If G is a compact group acting on (M n ,0), then there 
exist local coordinates with respect to which G acts linearly. 

In the following sections we determine the relative symmetry groups and their right 
and left representations for /c-jets of minimal Morin map germs. 
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10. Preliminary lemmas 

Our method of computation of relative symmetry groups is different from the standard 
approach (c.f. Rimanyi [41]). Our computation of the relative symmetry groups of Morin 
map germs will rely on a few lemmas below. 

Let us recall that a curve 7 : [0, 1] — >• W l is called regular of order m at a point t 
if the vectors {^f'(t), j"(t), ...,^ m \t)} are linearly independent in M. n . In particular, a 
regular curve possesses a canonical orthonormal frame called the Frenet frame, which is 
constructed from the m derivatives by the Gram-Schmidt orthogonalization algorithm. 
For example, the curve 

5: R — > W, 
5: t^ (t,t 2 ,...,f) 
is regular at t = of order r, and its Frenet frame is the standard one. 

Lemma 10.1. For r > 1 the maximal compact subgroup G of the symmetry group of 
the curve germ 5: t i-> (i, t 2 , t r ) at is Z2. 

Proof. Let G be the kernel of the homomorphism G — > Z2 that takes an element g of 
G to 1 if and only if the action of C g on (R, 0) reverses the orientation. Since G is 
a compact group, the differential of C g is trivial for any g G G. Since the curve 5 is 
regular of order r in a neighborhood of 0, it possesses a Frenet frame preserved by each 
element of the symmetry group of 5. Consequently the differential of C g is also trivial 
for each g G G. On the other hand with respect to some coordinate system the action 
of G is linear. Hence G is trivial. Thus G contains at most 1 non-trivial element. Such 
an element exists, the action of its right representation is given by t >->■ —t. □ 

Lemma 10.2. For r > 2 the maximal compact subgroup H of the symmetry group of 
the curve germ 7] : x 1— > (x 2 , ...,x r ) at is TLi- 

Proof. Every element of the symmetry group of the curve germ r\ lifts to an element 
in the symmetry group of the curve germ 5. Consequently, the group if is a compact 
subgroup of the symmetry group of 5. Hence we may choose the maximal compact 
subgroup G so that H is the subgroup of G = Z2. On the other hand H contains a 
non-trivial element. Thus H = 1*2- □ 

Lemma 10.3. For r > 1 the left representation of the maximal compact subgroup of the 
symmetry group of A r is at most Z2. 

Proof. Let / be the standard minimal map germ of an ^-singularity and let 7 be the 
curve of „4 r _i-singular points of /. Then in some coordinates, the curve 7 is given 
by 3: H> (x 2 , x r+1 ). In particular the left representation of the maximal compact 
subgroup of the symmetry group of A r is a subgroup of the maximal compact subgroup 
H of the symmetry group of the curve germ 7], which is Z2. □ 

We claim that for every element h of the relative symmetry group of a Morin map 
germ /, the right representation TZh of h completely determines the left representation 
Ch of h. In particular, the relative symmetry group of / can be (and will be) described 
in terms of a subgroup of the orthogonal group acting on the source of /. 
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Lemma 10.4. The right representation of the relative symmetry group of a Morin map 
germ is faithful. 

Proof. We may choose coordinates in which both the right and left representations of h 
are linear. In particular, the left representation of h is determined by the action of 
Ch on any open set of vectors. On the other hand, the image of / contains an open set, 
and if y is in the image of /, then Ch(y) = f ° T^-h( x ) f° r an y point x with f(x) = y. 
Thus the right representation TZh completely determines h. □ 

11. Relative symmetry groups of Morin map germs 

In this section we compute the relative symmetry groups of Morin map germs and their 
right representations. In fact, we will describe only the right representation of Morin map 
germs; in view of Lemma 10.4, these completely determines the groups. Furthermore, 
since the right representation 1ZG of the relative symmetry group G of a minimal Morin 
map germ (M m ,0) — > (M ra ,0) is isomorphic to a subgroup of the orthogonal group O m 
we will identify G with a subgroup of Om- 

For every non-negative integer n, let On and SO n denote the n-th orthogonal and 
special orthogonal groups respectively. For non-negative integers a, b, we put 

[Oa x o b } + = (o x o b ) n so a+6 . 

For d > 0, in the group 02d there are elements h^ and r^ that act on M. d x M d by 
exchanging the factors and reflecting the first factor along a hyperplane respectively. 

11.1. Regular germ Aq. The canonical form of a minimal regular germ is given by 
projecting (M d ,0) to (M°,0). Its relative symmetry group G is SO^. The action of 1ZG 
on on (R d , 0) is given by the standard action of the special orthogonal group. 

11.2. Fold germ Ai(a, b). Let / be a minimal fold map germ of the form 

/:(R*-\0)— >(R\0), 

V = Q{a, b) := -x\ x 2 a + x 2 a+1 H h x 2 a+b , a + b = d+l, a < b, 

where (x\, xa+i) and (y) are the standard coordinates in R^ 1 and M 1 . 

Lemma 11.1. The relative symmetry group G of f is as described in Table 1. The 
action oflZG is orientation preserving if and only if a / b. 

Proof. By Lemma 10.3, there is an exact sequence of group homomorphisms 

— > G — > G — > Z 2 , 

where G is the kernel of the left representation of G. By the Bochner Theorem (see 
Theorem 9.2) we may choose coordinates in which the right action of G is linear. Since 
G preserves the quadratic form Q associated with /, the group G is isomorphic to a 
subgroup of [02c x 02c] + - On the other hand the group G contains [0 2 c x 02c] + - Thus 
G coincides with [02c x 02c] + - If a ^ 6, then G = G. If a = b = 2c, where c > 1, then 
the left representation of r 2c o /i 2c G G is not trivial, and therefore G/G = Z 2 . Similarly, 
if a = b = 2c + 1 with c > 1, then the left representation of fo 2c +i G G is not trivial, and 
therefore again G/G = Z2. □ 
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Table 1. The relative symmetries of Ai(a, b). 





G < Oa+b 


a ^ b 


[Oa X O b } + 


a = b = 2c 


< [0 2c x 2c ] + ,r 2c o h 2c > 


a = b = 2c + 1 


< [0 2c +i x 2c +i] + ,/i 2c +i > 



Table 2. The relative symmetries of A 2r (a, b). 





G < Oa+b 


a^b 


[Oa X O b } + 


a = b = 2c 


< [0 2c x 2c ] + ,^ 2c x r 2r > 


a = b = 2c + 1 


< [0 2c +i x 2c +i] + , (r 2c+ i o h 2c +i) x r 2r > 



Table 3. The relative symmetries of A 2r+l {a, b). 





G < Oa+b 


all a, b 


< [O a x b ] + ,h > 



11.3. Morin map germ -4 2r (a, b), r > 0. The canonical form of an »4 2r (o, b) map 
germ / of dimension d is given by 

yi = U, i = 1, . . . ,2r - 1, 

y 2r = Q(a, 6) + t x x + t 2 x 2 + • • • + t 2r _ i a; 2r ~ 1 + x 2r+1 , 

where a < b and a+b = d, and (xi, Xd, x, ti, i 2r -i) and (yi, y 2r ) are the standard 
coordinates in M d+2r and R 2r respectively. Put 

T 2r : M 2r — >• M 2r , 

(tl, . . . , t 2r - 1, X) l-> -t 2 , . . . , (-l) i+1 ti, . . . , t 2r -l, -X). 

Lemma 11.2. The relative symmetry group G of the A 2r (a,b) map germ f is described 
in Table 2. The action of 1ZG is orientation preserving if and only if r is even. 

Proof In view of Lemma 10.3, there is an exact sequence of homomorphisms 

— > G — > G — > Z 2 , 

where G is the kernel of the left representation of G. Let us show that G is isomorphic 
to [Oa x Ob] + - We may choose coordinates in which the right action of G is linear. We 
recall that 1ZG preserves the vector space K 2 , while TZG acts trivially on the cokernel 
C\ of df . Over the set A 2r (f) there is a canonical isomorphism 

(13) K 2 AHom(o 2r ^ 2 ,Ci). 

Hence, the action of TZG is trivial on K 2 , and, in particular, there is a well-defined 
action of TZG on the vector space K\/K 2 . The action of TZG on K\ / K 2 preserves the 
quadratic form Q associated with the map germ /. Hence TZG\ (Ki/K 2 ) is a subgroup 



20 



R. SADYKOV 



of [Oa x Ob] + - On the other hand, 1ZG\{K\/ K2) contains [Oa x 0&] + - Thus we have an 
exact sequence 

— > G — > G — > [Oa x Ob} + — »• 0, 

where the third homomorphism is the right representation of G on K\/ K2. There is a 
well-defined linear action of G on the vector space R 2r+a+b /Ki, which is the coimage 
of df at 0. Since the action of CG is trivial on the image Im(c#/), the action of 1ZG is 
trivial on the coimage of df, and therefore G is trivial. Consequently, G = [Oa x Ob} + ■ 
If a = b = 2c and c > 0, then the left representation of h,2 C x T2 r € G is non-trivial 
and therefore G/G = 1*2- In the case a = b = 2c + 1 and c > the left representation is 
non-trivial for (r2c+i ^2c+i) x T2 r , and again, G/G = 1*2- Finally, in the case a 7^ b we 
observe that, in view of the proof of Lemma 10.3, every element g in G with non-trivial 
left representation acts non-trivially on K2. Hence, in view of the isomorphism (13) the 
action of C g on C\ is non-trivial, which is impossible in the case a 7^ b since G preserves 
the quadratic form Q associated with /. Thus G = G. □ 

11.4. Morin map germ Af r+1 (a, b), r > 0. The canonical form is given by 

Vi = U, i = \,...,2r, 

V2r+i = Q(a, b) + t±x + t 2 x 2 H h t 2r x 2r ± x 2r+2 , 

where a < b, a + b = d, and (x\, x^, x, t\, t2 r ) and (y±, y2r+i) are standard 
coordinates in u rf + 1 + 2r an d ]R 2r+1 respectively. We recall that Morin map germs of 
types .A2V+1 (a,b) and A2~ r+l {a, b) are equivalent if and only if a = b. Let h denote an 
element in Od+i+2r that on the first factor of (M a x M. b x M 2r+1 ) acts as an arbitrarily 
chosen orientation reversing element of Oa x Ob and maps 

(h, . . . , t 2r ,x) i-)- (-h,t 2 , . . . , (-ITU, t 2r , -x). 

Lemma 11.3. The relative symmetry group G of a minimal Morin map germ f of type 
-4.27+1 is generated by [Oa x Ob\ + and the element h. The action of 1ZG is orientation 
preserving if and only if r is even. 

Proof. It is easily verified that h belongs to the relative symmetry group G and is 
non-trivial. Hence to complete the proof of Lemma 11.3 it suffices to show that the 
kernel G of the left representation of G is isomorphic to [Oa x Ob] + ■ 

For A2r+i the argument of Lemma 11.2 fails to show that the action of 1ZG is trivial 
on K2. On the other hand, the vector space K2 is tangent at to the curve A2r(f), 
which outside of immerses by / into M 2r+1 . Consequently, if the action of 1ZG is 
non-trivial on K2, then the action of CG takes A2 r {f) into itself non-trivially. This 
contradicts the definition of G. Thus, the action of 1ZG is trivial on K2 and therefore 
there is an action of 1ZG on K\ / K2 ■ The rest of the argument is similar to the argument 
in the proof of Lemma 11.2. □ 

Let / be an arbitrary minimal Morin map germ, and G its relative symmetry group. 
The kernel K of df at is invariant under the action of 1ZG. In particular the restriction 
of the action of 1ZG to the kernel K is a new representation of G which we call the kernel 
representation of the relative symmetry group G. 
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Lemma 11.4. For every minimal Morin map germ f, the kernel representation of G 
is faithful. 

Proof. The statement of Lemma 11.4 immediately follows from the computation of rel- 
ative symmetry groups G and their right representations. □ 



12. Classifying loop space of A-maps 

We recall that an Ai-map is a smooth map of manifolds such that each of its singular 
points is of type Aj for some j < i. The classifying loop space of .Aj-maps is defined 
to be the infinite loop space of a spectrum Aj for i = 0,1,..., oo. The t-th term of 
Ai is constructed by means of the universal oriented vector bundle £t : E t — >■ BSOj of 
dimension t. Let St = St(i) denote the space of maps /: R t+d — > E t such that 

• the image of / belongs to a single fiber E t \b of £ t over some point b G BSOt, 

• /(0) is the zero in the vector space Et\b, and 

• the map germ /: (IR* +<i ,0) — > (Et\b,0) is an Ai-map germ. 

The space St is endowed with an obvious topology so that the map itt '■ St — >■ BSO( that 
takes / to b has a structure of a fiber bundle. By definition the t-th term [Aj]t of the 
classifying loop space of A-maps is the Thorn space Tli7Tj£( of the fiber bundle 7if£i 
over St- In other words, the spectrum in question is defined to be the Thorn spectrum 
with the t-th term Th7r^^. To simplify notation we will write A for A^. 

The spectrum Ai comes with a natural filtration; it is filtered by the subspectra Aj 
with j < i. The spectral sequence yielded by the filtration is called the Kazarian spectral 
sequence. 

Next we give a description of the filtration; this description is essentially based on an 
observation of Kazarian (e.g., see [29]). For each i there are commutative diagrams 

s t (i) s t+1 (i) 



7Ti+l 



BSOt — ^ BSO m . 

The map it in the diagram is the canonical inclusion, while jt sends a map germ 
/: H t+d — y E\b to the map germ of the composition 

R t+d+l = R t+d x R /^id« ^ x R E t \i t (b), 

in which we identify the fiber E t \b x R of the vector bundle & © e over b with the fiber 
Et\it(b) of the vector bundle £t+i\ BSOt (for details see [47]). Here and below e stands 
for the trivial line bundle over an appropriate space. 

Kazarian observed a beautiful fact that the direct limit S(i) of spaces St(i) with 
respect to inclusions jt is the disjoint union of spaces S(a), one for each ^-singularity 
type a. In its turn, for each singularity type a, the corresponding space S(a) is the 
classifying space of the relative symmetry group of the minimal map germ of type a (see 
Theorem 13.2). This allows us to give a nice description of the spectrum Ai in terms of 
stable vector bundles. 
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Definition 12.1. A stable vector bundle of dimension n over a CW complex X is an 
equivalence class £ n of pairs (£, 77) of vector bundles over X with n = dim £ — dim 77. 
The equivalence relation is generated by the equivalences of the form (£,77) ~ (£')??') 
for vector bundles with £ © 77' = £' © 77. For any choice of n, stable vector bundles 
of dimension n over X are in bijective correspondence with homotopy classes [X, BO]. 
Oriented stable vector bundles of dimension n are defined similarly. Over X these are 
in bijective correspondence with homotopy classes [X, BSO]. 

Thus we may identify a stable vector bundle of dimension — d with a (homotopy class 
of a) map /: B — > BSO. Such a map determines a cohomology theory h*; the (n + d)-th 
term of the spectrum of h* is the Thorn space of the vector bundle {f\B n )*£ n where 
B n = /- 1 (BSO n ). 

Thus, the spectrum Ai is equivalent to the spectrum corresponding to a stable vector 
bundle /: U S(a) — > BSO where a ranges over ^-singularity types. Our next step is 
to determine the map /. In the next section we determine the restriction f\S(a) where 
a is one of the ^-singularity types. 

13. Kazarian Theorem 

It follows from an observation due to Kazarian that for a sufficiently big t, the factor 
space [Aj]t/[Aj_i]t is an approximation of the Thorn space of a vector bundle over the 
classifying space BG, where G is the relative symmetry group of Aj-map germ. The 
Kazarian observation greatly facilitates the computation of cohomology groups of the 
classifying loop spaces of maps with prescribed singularities. 

Let a be an Ai singularity type. Its minimal map germ is represented by a map 
I>n+c( —7- W 1 for some integer n. Let G denote the relative symmetry group of a. Let 
£ = denote the vector bundle over S(a) of dimension d + n associated with the right 
representation of the group G. Similarly, let 7/ denote the vector bundle over S(a) of 
dimension n associated with the left representation of G. We also have counterparts of 
£ and 77, denoted by the same symbols, over the space BG a . 

Given a vector bundle £ over a space X and a map e : Y — > X, we will often write £ 
for the fiber bundle e*£ in order to simplify the notation. We put 

(14) BOoo +n+d x BOoo +n : = lim BO t+n +d x BO t+n . 
There is a double cover 

(15) BOoo +n+ (f xBOoo+n > BOoo +ra+( f X BOoo +n 

classified by the first Stiefel- Whitney class wi x 1 + 1 x wi , its total space is the classifying 
space BH of the group 

H = [Ooo+n+d X Ooo+n] + : = Jim [Ot+n+d X Ot+n} + - 

Let L denote the space of all equivalence classes of map germs (K n+d+t , 0) — > (M. n+t , 0) 
of type a under the equivalence / ~ / x id^. Thus an element in L is a map germ 

Qjjoo+n+d 0) -> (M 00+d ) 

represented by a product / x id of a map germ / on a finite dimensional vector space 
and the identity map germ id on an infinite vector space. The group H acts on L by 
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right-left coordinate changes, and the Borel construction yields a fiber bundle 

(16) EHXhL ^ BOoo+n+rfXBOoo+n, 

where EH is the total space of the universal principle //-bundle. 

The next Kazarian theorem is well-known; we recall its short proof for completeness. 

Theorem 13.1 (Kazarian). The space EH Xh L is homotopy equivalent to the classi- 
fying space BG a x BO. 

Proof. The space L is the orbit of the standard minimal map germ / of type a under the 
action of the group of all right-left coordinate changes (a, (3) that preserve the relative 
orientation, i.e., 

det da ■ det d/3 > 0. 

Since H is a topological deformation retract of this group, the orbit V = Hf of the map 
germ / is a deformation retract of L. In particular, there is a homotopy equivalence 

EH x H L~EH x H L'. 

The stabilizer of / under the action of H is the group G a x O- Consequently, 

EH x H L~EH x H L' = EH/(G a xO)~ BG a x BO, 

since L ~ V = H/{G a x O). □ 

We note that in view of the argument in the proof of the Kazarian Theorem, the map 
(16) factors by 

BGa x BO fe " )XidBO ) (BO n+d x BO n ) x BO ^+^*^ ; BO^^BO^, 

where 7 denotes the universal vector bundle over the space BO. Let us consider a 
commutative diagram 

BG a x BO — ?-»• S(a) 

lim 7rt 

BOoo+n+rfXBOoo+n — > BSO, 

where the right vertical map lim7r t is the direct limit of projections ir t . The bottom 
horizontal map is the one classifying the stable vector bundle rj £ of dimension —d. 
Finally, the top horizontal map p takes a map germ 

/ x id 7 : (?© 7 ), — »• {r}®l)x 
over x G BH to the map germ 

fxid^:R 00 = c x e^^ Vx e^, 

where is the negative of £; over a (finite dimensional) plane / in ^°°+ n + d representing 
a point in BOoo+n+d the fiber of £ consists of vectors in I, while the fiber of consists 
of vectors in flj°°+ n + d orthogonal to I. The projection p is a trivial fiber bundle with 
fiber BO. Consequently, by taking the restriction of p to a slice BG a x {*}, we deduce 
the following form of the Kazarian Theorem. 

Theorem 13.2. The spaces BG a and S(a) are homotopy equivalent. 
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Remark 13.3. The homotopy equivalence that we constructed should be compared with 
the homotopy equivalence in the paper [54]. The homotopy equivalence in [54] is not 
suitable for our purpose; it is not compatible with canonical vector bundles over BG a 
and S(a), and in particular, the triangular diagram below in the proof of Lemma 13.4 
is not homotopy commutative if taken with the slanted map from the paper [54] . 

Lemma 13.4. The map f\S(a): S(a) — > BSO is classifying the stable vector bundle 
V © £ °f dimension —d. 

Proof. We have constructed a commutative diagram of maps 

S(a) 




BG 

where the horizontal map rj Q £ is the map classifying the stable vector bundle rj Q £ of 
dimension — d, while the slanted map takes a map germ / : £ x — > r) x to the map germ 

where id is the identity map of the vector space £ x . Since the slanted map is a homotopy 
equivalence constructed (see Theorem 13.2), this concludes the proof of Lemma 13.4. □ 

Theorem 13.5. The normal bundle of S(a) in S(i) is isomorphic to £. 

Proof. Let E^ and E n denote the total spaces of the fiber bundles £ and rj over BG a 
respectively. Each point x of BG a comes with a minimal map germ E^\x — > E v \x of 
type a. We may choose a map u x representing this map germ for each point x in BG a 
so that we get a continuous family u = {u x } of maps, 

u: E^ — > E n , 

whose restriction to the fiber of £ over each point x of the base is a smooth map into 
the fiber of rj over x. By the construction in the proof of Lemma 13.4 we obtain a 
commutative diagram 

S(i) 
f\s(i) 

The slanted map s takes each fiber E%\x of £ to a fiber of f\S(i). Furthermore, since u x 
is an „4(i)-map, the restriction of s to E^\x is transversal to the stratum S(a) in S(i). 
Consequently, the map s pulls the normal vector bundle of S(a) in S(i) to £. 

□ 

14. The first term of the Kazarian spectral sequence 

In what follows all cohomology groups are with coefficients in a field n, where k is 
either Q or Z/pZ for some prime p ^ 2. In this section we compute the first term of the 
Kazarian spectral sequence of Morin maps associated to the filtration 

A C Ai C A 2 C • • • 
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where A r corresponds to Morin singular points of types Ai(a, b) and Af(a, b) with i < r. 

Given an A r singularity type a, we recall that £ a stands for the vector bundle over 
BG a associated with the right representation of the relative symmetry group G a . The 
Thorn space of £ a is denoted by Th^ a . 

Lemma 14.1. The first term of the Kazarian spectral sequence is of the form 

= ir(BS0 9 ), 

a 

for r > 0, where a ranges over A r singularity types. 

Proof. Let us, for example, compute E[' 1 for r > and some i > 0. To this end, let us 
recall that the t-th terms of spectra A r and A r _i are Thorn spaces over spaces St, r and 
St, r -i respectively. So, 

E r / = H i+r (A r , A r _i) = limff 1+r+i ([A r ] t , [A r _i] t ) 

= HmH^iS^,^) = fr +r (limS tir ,lim5 tir _i) = a iT +r (Th£ Q ), 
where the last equality follows from the Theorems 13.2 and 13.5. □ 

In the rest of the section we will compute the cohomology groups H*(Th^ a ). Two 
preliminary reminders are in order. 

14.1. Smith exact sequence. Let S be a subgroup of a group G of index 2. Then the 
inclusion S — > G gives rise to a double covering p : BS — > BG of classifying spaces. We 
may replace BG by a triangulated space weakly homotopy equivalent to BG, e.g., by 
the geometric realization of the singular simplicial set of BG; and assume that BS is 
also triangulated so that p takes simplices of BS isomorphically to simplices of BG. Let 
£ be a vector bundle over BG. We may choose a CW structure on the Thorn space of 
£ so that every cell in Th £ is a cone over a simplex in BG. Similarly we may introduce 
a CW structure on the Thorn space of p*£. To simplify the notation we will denote the 
singular covering Thp*£ — > Th£ by the same symbol p. Then there is a commutative 
diagram 

#*(Thp*£) 

H* (Th — > H* (Th £) , 

of cohomology groups with coefficients in a field of characteristic / 2. In the diagram 
Tr stands for the transfer homomorphism, which descends from a homomorphism of 
cochains; given a cochain c on Thp*£, the value of the cochain Tr(c) on a cell A in Th£ 
over a simplex in BG is the sum of values of c on the two cells p^ 1 (A) in Thp*£. In 
particular, the map p* is a monomorphism. 

On the other hand, let \ denote the self map of the Thorn space of p*^ that exchanges 
the sheets of the singular covering p. We note that x maps cells into sells. Hence there 
is a short exact sequence 

— > C* (Thp*0 — ► C*(Thp*0 — > C* skew (Thp*0 — ► 0, 
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where the second homomorphism is the inclusion of the subgroup of %-equivariant 
cochains and the third homomorphism is a projection that takes a cochain x to x — %. 
The corresponding long exact sequence of cohomology groups splits since C* (Thp*£) ~ 
C* (Th £) and the map p* is a monomorphism. Thus, there is a Smith exact sequence 

#*(Th£) — > iT(Thp*£) — ► # s WThp*£) — > 0. 

In particular the following lemma takes place. 

Lemma 14.2. The group i?*(Th£) can be identified with a subgroup of the group 
H*(Thp*£) so that an element x of H*(Thp*^) is in if*(Th£) if and only if x* x = x - 

We will also need the information about rational cohomology groups of the classifying 
spaces BO n and BSO n . 

Lemma 14.3. The rational cohomology groups of BO„ are given by 

ff*(BO n ;Q)=Q[pi,...,P L „/2j]- 

The rational cohomology groups o/BSO n are given by 

iT(BSO n ; <Q>) = Q[pi, ...,p Ln/2j ] + e n Q[pi, ...,p Ln/2 j], 

where e n is the rational Euler class of the universal vector bundle. The class e n is trivial 
if n is odd, and e\ = p n / 2 if n is even. 

14.2. Fold germ Ai(a, b), with a + b = d + 1. Let 

V{a,b) = re[pi, . . . ,P|_a/2j,Pi, • • • ,P[6/2j] 

denote the polynomial ring in terms of classes pi and p\ of degree 4i; and let SV(a, b) and 
AV(a, b) be the submodules of V(a, b) that consist of polynomials respectively invariant 
and skew invariant under the substitution exchanging pi with p\. We will also denote 
the polynomial ring «[pi, . . . ,P[ a /2\] b Y 

Let G denote the relative symmetry group of a minimal A\ (a, 6)-germ. Let (, at b denote 
the universal vector G-bundle over the classifying space BG. The vector bundle £o,ci+i 
is isomorphic to the universal vector bundle of dimension d+1, and therefore 

iT(Th£ 

,d+l) — ^0,d+l,l U (^(^ + 1) © e 0,d+lP{d + 1)), 

where C/o,d+i,i an d e o,d+i stand for the Thom and Euler classes of the universal vector 
bundle respectively. 

Remark 14.4. At the moment we assume that all orientable vector bundles under consid- 
eration are oriented; we do not specify orientations though. However, in later sections, 
we will choose canonical orientations, and thus explicitly specify our choices of the Thom 
and Euler classes for oriented bundles under consideration. 

In what follows we will assume that a / and describe the cohomology group of 
Th £ ai (, in terms of an essentially simpler cohomology group of the Thom space Th o of 
the universal vector SO a x SO^-bundle o = £*° b . Let 

U aM €H d+1 (Tho) and e afi G H d+1 (Bo) 
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denote the Thorn class and the Euler class of the oriented vector bundle o respectively. 
We recall that e a ^ is trivial in the case where either a or b is odd. By the relative 
Kiinneth formula for the Thorn space Th o we have 

H* (Th o) = H* (Th A Th &) = H* (Th H* (Th &) , 

where £ a and & denote the universal vector SO-bundles over the classifying spaces BSO a 
and BSOb respectively. 

Lemma 14.5. Under the above notation, 

• ifa^b, then #*(Th£ a>6 ) = U a , b ,i - (P(a, b) e a , 6 P(a, b)), 

• ifa = b, then H i+1 (Th ^ b ) = U aA1 ^ (AT (a, b)®e a>b SV (a, b)), 
where e a ^ is trivial whenever either a or b is odd. 

Proof. Let U a and U b denote the classes of the cohomology group H*(Th.£ a )<g>H*(Th£ b ) 
given by the Thorn classes of the oriented bundles £ a and respectively. Here and below 
we identify U a with U a ® 1, £/& with 1 x f/j and the vector bundles £ a and with their 
obvious lifts. By the Thorn isomorphism, the group H*(Th^ a ) £3 H*(Th£ b ) in positive 
degrees is isomorphic to the group H* (BSO a ) <8> H* (BSOj,) generated by the Euler classes 
e a and and the Pontrjagin classes pi and of £ a and ^ b respectively. 

Let us consider the case where a ^ b, in which case the group G is isomorphic to the 
group [O a x Ofe] + , and therefore H*(Th£ a b) is isomorphic to the subgroup of 

iT(Tho) = [U a ~(P(a)(Be a P(a))]®[U b ~(P(b)(Be b P(b))] 

that consists of elements invariant under the homomorphisms induced by the map f3 on 
Th£ a A Th£{, given by the involutions on the two factors at the same time. We have 

P*U a = -U a , P*U b = -U b , /3*e a = -e a , (3*e b = -e b , f3*pi = p u $*p\ = p\. 

We observe that the class J7 ,6,i can be identified with the class U a ®U b in the group 
H*(Th£ a ) ® Jf*(Th&). Similarly, the class 

e a,6 can be identified with the class e a ® eb 

in H*(BSO a ) H*(BSO b ). Hence 

P*(U a ,b,i) = P*(U a U b ) = -U a -U b = U a ®U b = U a , b ,i, 
P*{e a ,b) = /3*(e a ® e b ) = -e a <g> -e b = e a ®e b = e 0)6 . 

Now the elements in H*(Th^ aj b) invariant with respect to the action of /3* are easily 
determined; these are listed in the statement of Lemma 14.5. 

Let us prove the claim in the case where a = b and a is even. In this case the symmetry 
group G is generated by the group [Oa x Ob] + and the element that acts on M. a x M. b by 
exchanging the factors and reflecting the first factor along a hyperplane. By applying 
Lemma 14.2 twice, we obtain that H*(Th.£ ab ) is isomorphic to the subgroup of 

iT(Tho) = [U a ~(P(a)®e a P(a))]®[U b ~(P(b)®e b P(b))] 

that consists of elements invariant under the homomorphisms induced by the maps 
a, f3 : Th o — > Th o, where a is the map induced by the composition 

BSO a x BS0 — > BS0 6 x BSO a — »• BS0 x BSO a , 

where the first map exchanges the factors, and the second map is given by the involution 
on the first factor; the map j3 is given by the involutions on the two factors at the same 
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Table 4 





Ai, a = b = 2s 


Ai,a = b = 2s + 1 


Ai, a / b 




a 


P 


a 


P 


P 




-u b 


-U a 


u b 


-U a 


-U a 


u b 


U a 


-u b 


U a 


-u b 


-u b 


e a 


-eb 


-e a 








-e a 


eb 


e a 


-eb 








-eb 


U a ,b,i 


-U a ,b,i 


U a ,b,i 


-U a ,b,i 


U a ,b,i 


U a ,b,i 


e a ,b 


-e a ,b 


e a ,b 








e a ,b 


Pi 


p\ 


Pi 


p'i 


Pi 


Pi 


Pi 


Pi 


Pi 


Pi 


Pi 


P'i 



time. The actions of a* and (3* are summarized in the first three columns of Table 4, 
where, for example, 

<**(Ua,b,l) = a *( U a ® U b ) = ~Ub ® U a = -U a ® U b = -U a , b ,U 

a*(e aib ) = a*(e a <8> e b ) = -e b ®e a = -e a ® e b = -e a ® e b = -e a>b . 

Again, an easy verification shows that the elements in Th o invariant with respect to the 
action of a and (3 are those listed in the statement of Lemma 14.5. 

Finally, let us prove the claim in the case where a = b and a is odd. In this case the 
symmetry group G is generated by the group [Oo x Ot] + and the element that acts on 
M. a x M. b by exchanging the factors. We deduce that H*(Th£ a ,b) is isomorphic to the 
subgroup of 

H* (Th o) = [U a - P(a)] [U b - P(b)} 

that consists of elements invariant under the homomorphisms induced by the maps 
a, (3 : Tho — > Tho, where a is the map on Th^ a A Th^ exchanging the two factors, 
while the map j3 is given by the involutions on the two factors at the same time. The 
action of a* and (3* on cohomology classes of Th o is described in the forth and fifth 
columns of Table 4, which allows us to verify the statement of Lemma 14.5 in the case 
where a = b and a is odd. 

□ 

14.3. Morin map germ A2 r {a, b), with r > 0, a + b = d. Let G denote the maximal 
compact subgroup of a minimal A2 r (a, 6)-germ. Let ^ a ,b denote the universal vector 
G-bundle over the classifying space BG. Again, we will describe the cohomology group 
of Th£ ai & in terms of an essentially simpler cohomology group of Tho, where o stands 
for the Whitney sum of the universal vector SO a x SO^-bundle and the trivial 2r-bundle 
over 5 [SO a x S0 6 ]. Let 

U a , b ,2r£H a+b+2r (Tho) and e afi G H a+b (Bo) 

denote the Thorn class of o and the Euler classes of the universal vector bundle over 
B[SO a x SO b ] respectively. 

Lemma 14.6. Under the above notation, for a / b, 
• H*(Th^ b ) = U aA2r - {P(a, b) e a , b V(a, b)); 
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Table 5 





A 2r 
a, r even 


A 2r 
a even, r odd 


A 2r 
a odd, r even 


A 2r 
a, r odd 




a 


P 


a 


P 


a 


P 


a 


p 


u a 


u b 


-U a 


u b 


-U a 


u b 


-U a 


u b 


-U a 


u b 


U a 


-u b 


U a 


-u b 


-U a 


-u b 


-U a 


-u b 


e a 


eb 


-e a 


eb 


-e a 














e b 


e a 


-eb 


e a 


-eb 














U a ,b,2r 


U a ,b,2r 


U a ,b,2r 


— U a ,b,2r 


U a ,b,2r 


U a ,b,2r 


U a , b ,2r 


— U a ,b,2r 


U a ,b,2r 


e a ,b 


e a ,b 


e a , b 


e a ,b 


e a , b 














Pi 


P'i 


Pi 


P'i 


Pi 


p'i 


Pi 


p'i 


Pi 


P\ 


Pi 


P\ 


Pi 


P'i 


Pi 


P'i 


Pi 


P'i 



while for a = b, 

• if r is even, then H*(Th( a ,b) = U a ,b,2r ^(SV(a,b) © e a ,bSV(a,b)), 

• ifr is odd, then H*(Th£ a ,b) = U a ,b,2r ^(AV(a,b) © e ath AV{a, b)), 
where e a ,b is trivial whenever either a or b is odd. 

Proof. In the case a / b the computations are precisely the same as in the previous 
lemma. Suppose that a = b is even. Then the group G is generated by a subgroup 
[Oa x Ob] + and an element h x r. Consequently, the cohomology group of Th£ ai b is 
isomorphic to the subgroup of the cohomology group of Th o = Th £ a A Th A Th e 2r of 
elements that are invariant under the involution (3 on the first two factors at the same 
time and the action a induced by h x r. The Thom classes of the three factors are 
denoted by U a ,Ub,U2r, while the Euler classes of the first two factors are denoted by 
e a , eb respectively. The actions of a and ft depend on the parity of r (see table Table 5). 

If a = b is odd, then the action a is the composition of h x r and the involution on 
the first factor of Tho. Again, the actions of a and f3 depend on the parity of r (see 
Table 5), and, for example, for r odd we have 

a*U a ,b,2r = a*(U a © U b © U 2r ) = -U b ®U a ® -U 2r = -U a <8> U b (8) U 2r = -U a ,b,2v 
The statement of Lemma 14.6 follows immediately from the above computation. □ 

14.4. Morin map germ Af r+1 (a,b), r > 0, a + b = d. Let G denote the relative 
symmetry group of a minimal Af r+1 (a, 6)-germ. Let t£ b denote the universal vector G- 
bundle over the classifying space BG. Once again, the cohomology group of Th can 
be identified with a subgroup of the cohomology group of Tho, where o stands for the 
Whitney sum of the universal vector SO a x SCvbundle and the trivial (2r + l)-bundle 
over B[SO a x SOJ. Let 

Kb,2r+i^H a+b+2r+ \T\io) and e a , h G H a+b (Bo) 

denote the Thom class of o and the Euler class of the universal vector bundle over 
i?[SO a x SO b ] respectively. 

Lemma 14.7. Under the notation as above, 
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Table 6. The case d = As. 





Ai 


A 2 


A 3 


A 4 


A 5 


^6 


a + b = 


As + 1 


As 


As 


As 


As 


4s 


CL = Is 


U -P 


U ^AP 
U ^eAP 


U + -eP 


U ^SP 
U ^eSP 


U + 


[/ ->AV 
U ^eAP 


a = 2s - 1 


u -p 


U ^P 





U -P 


U + -P 
U~ -P 


U -P 


a = 2s -2 


u -p 


u -p 


U + ^eP 


u ->v 


{/+ 


u ->v 






U ^eP 


U~ ~^eP 


U ^eV 


U~ ~^P 


U ^eP 


a = 2s — 3 


u -p 


u -p 





U -P 


{/+ 

I/ - -P 


17 -P 
















a = 3 


u-^p 


u -p 





U -P 


[/+ ^7? 
I/ - -P 


[/ -P 


a = 2 


u-^p 


u -p 


U+ -eP 


U -P 


u+ -p 


[/ -P 






U^eP 


U~ -eP 


U -eP 


17" -P 


U -eP 


a = 1 


u^p 


u -p 





[/ -P 


[/+ 

U~ -P 


[/ -P 


a = 


u^p 


u -p 


U+ -eP 


[/ -P 


17+ 


[/ -P 






U^eP 


U~ -eP 


17 -eP 


U~ -P 


f7 -eP 



• i/r is odd, then #*(Th£±,) = ^ 2r+1 ~e 0)6 P(a, 6), 
. i/r zs ewen, t/ien i7*(Th£±,) = ^ 2r+1 ~V{a,b), 
where e a ^ is trivial whenever either a or b is odd. 

Proof. The group G is generated by [O a x Ob} + and an element that is an orientation 
reversing involution on the first and the third factors of Th£ a A Th^ A The 2r+1 if r + 1 
is odd and an orientation reversing involution on the first factor only if r + 1 is even. 
Let U r denote the Thorn class of the third factor. Then for transformations a and f3 
defined as before, we have 

a*U a = -U a , a*U b = U b , a*e a = -e a , a*e h = e b , a*pi = p i: a*p'i = 

f3*U a = -U a , f3*U b = -U b , f3*e a = -e a , (3*e b = -e b , /3* Pi = Pi , P*p' i =p' i , 

a*U r = (-l) r+1 U r , f3*(U r ) = U r , 

a*(U a ,b,r) = (-l) r U a ,b,r, P*{U a ,b,r) = U a ,b,r, «* ifia,b) = ~e a ,b, P*(e a ,b) = e a ,b- 

The statement of Lemma 14.7 is easily verified now. □ 

Non-zero classes in the first term of the Kazarian spectral sequence are listed in 
Tables 6-9. Here we use the fact that, for example, for r > the singularity types 
^4 r+3 (2s, 2s) and ^.7 r+3 (2s, 2s) coincide. 

15. The differential d%'* 

Our next step is to compute the differentials in the spectral sequence. 
To compute the differential d*'* we need to know the geometry of adjacencies of singu- 
lar strata. In those cases where the normal bundles of singular strata possess a natural 
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a + b = 


4i 
4s + 2 


^2 

4s + 1 


^3 

4s + 1 


A 4 
4s + 1 


4s + 1 


A 6 
4s + 1 


a = 2s + 1 


77 w AV 












a = 2s 


U 

U -eP 




o 




/7+ ^P 

U~ -P 


U ^P 


a = 2s - 1 


r/ ^p 


U ^P 


o 


II ^p 


U~ -P 


f7 ^P 


a = 2s - 2 


{7 ^"P 
f7 ^eP 


U -P 





U -P 


u+ -p 

17- -P 


U -P 
















a = 3 


[/ -P 


U -P 





U -P 


[/+ -^-p 
U~ -P 


[/ -P 


a = 2 


[/ -P 
17 -eP 


[/ -p 





U -P 


17+ ^p 
U~ -P 


[/ -P 


a = 1 


[/ -P 


[/ -p 





17 -P 


17+ ^p 
17- -P 


[/ -P 


a = 


U -P 
f7 -eP 


[/ -p 





U -P 


17+ ^p 
17- -P 


[/ -P 



Table 8. The case d = 4s + 2. 



a + 6 = 


A! 

4s + 3 


^2 

4s + 2 


^3 

4s + 2 


^4 

4s + 2 


^5 

4s + 2 


^6 

4s + 2 


a = 2s + 1 


U -P 


U ~AV 





17 -SP 


^7+ -^-p 


U ^AV 


a = 2s 


[/ -P 


U -P 
t7 -eP 


U + -eP 
17" -eP 


U -P 
f7 -eP 


u+ -p 

C/- -P 


U -P 
U -eP 


a = 2s - 1 


[/ -P 


[/ -P 





[/ -P 


u+ -p 
[/- -p 


[/ -P 


a = 2s - 2 


[/ -P 


[/ -P 
U -eP 


C/+ -eP 
17- -eP 


[/ -P 
?7 -eP 


?7+ -P 
C/- -P 


[/ -P 
?7 -eP 
















a = 3 


U -P 


[/ -P 





U -P 


?7+ -P 
U~ -P 


[/ -P 


a = 2 


[/ -p 


[/ -P 
17 -eP 


E/+ -eP 
17- -eP 


[/ -P 
?7 -eP 


?7+ -P 
C/- -P 


U -P 
?7 -eP 


a = 1 


[/ -p 


[/ -P 





[/ -P 


?7+ -P 
[/- -P 


C7 -P 


a = 


[/ -p 


U -P 
i7 -eP 


C/+ -eP 
17- -eP 


[/ -P 
U -eP 


u+ -p 

[/- -P 


[/ -P 
?7 -eP 
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Table 9. The case d = 4s + 3. 



a + b = 


4i 
4s + 4 


^2 

4s + 3 


^3 

4s + 3 


A 4 
4s + 3 


A 5 
4s + 3 


-46 

4s + 3 


a = 2s + 2 


U ^AP 
U -eSP 












a = 2s + 1 


U 


U -V 





U 


u+ -V 
U~ -P 


f7 -P 


(2 = 2.S 


U 

U -eP 


u 





u 


U + — V 
U~ -P 


U ^ V 


a = 2s - 1 


u 


U -P 





U -P 


u+ -p 

17- -P 


U -P 
















a = 3 


u 


U -P 





U -P 


u+ -p 

17" -P 


U -P 


a = 2 


u -p 

U -eP 


[/ -p 





U -P 


17+ ^p 
17- -P 


[/ -p 


a = 1 


[/ -P 


[/ -p 





U -P 


17+ ^p 
U~ -P 


[/ -p 


a = 


U -P 
f7 -eP 


[/ -p 





U -P 


[/+ 

17- -P 


[/ -p 



orientation, the computation of the coboundary homomorphism associated with d*'* is 
not hard. However, for example, in the case of „4,2(2s,2s) and „4s(2s,2s) singularities, 
the corresponding normal bundles are non-orientable. From the geometry of the adja- 
cency of the set of (2s, 2s)-singular points to the set of As(2s, 2s)-singular points, it 
immediately follows that the corresponding coboundary homomorphism is either trivial 
or given by a "multiplication by ±2" ; but to determine weather the coboundary homo- 
morphism is trivial or not, one needs to use a more careful argument. In fact, in those 
cases where the coboudary homomorphism is non-trivial, we will need to determine the 
sign of the "multiplication by ±2" . An obvious approach to computing the coboundary 
homomorphism in these cases is to introduce and work with cohomology groups with 
coefficients in certain sheafs. We follow a similar approach by introducing different types 
of coverings of singular strata. 

Let V(d) denote the polynomial ring Q[pi, . . . ,p\a/2}]- F° r d even, let T(a, b) denote 
the image of the algebra homomorphism 

V{d) — >P(a,&), 

i 

Pi ^ ^PjPi-j, 
3=0 

where d = a + b. Here we adopt the convention that in P(a, b) there are relations pj = 
for j > a and p\_- = for i — j > b. For example, T(4, 8) is spanned by 

{ Pi +Pl,P2 +PlP'l+P2,P2P'l +P1P2 +p'z,P2p' 2 +PiP^ +P'A,PlP'±,P2p'i }• 
The algebra T(a,b) is a homomorphic image of SV{d/2,d/2). 
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The first column in the Kazarian spectral sequence corresponds to 

iT(A ) « H*(Aq) « H*{BSO d ), 
where Aq = 5(0) (see Lemma 14.1). 

Theorem 15.1. For d odd, the differential d* is trivial and 

£&* = ■■■ = E / = H*(BSO d ) = Q[pi, ..., P ^]. 

For d even, 

£&* = ■■■ = £ 2 °'* = ker d°>* = Qbx, ...,p d/2 ] C H*(BSO d ), 
imd / = {^2(-l) a U aM ^Q}, 

a,b 

where Q G SV(d/2, d/2), and a ranges over 0, ...,d/2 and b = d + 1 — a. 

Remark 15.2. The signs in the formula for the image of d^'* in the case where d is even 
(and hence a < b) depends on our choice of the Thorn classes U a f,i, or equivalently, in 
the choice of coorientation of the normal bundle v\ of the stratum of fold map germs of 
index a in the set A\ for each a. The normal bundle v\ over fold points of index a is 
isomorphic to the canonical kernel bundle, which in its turn has a canonical orientation 
(see Remark 8.1). We choose J7 ,6,i so that it is compatible with the canonical orientation 
of the kernel bundle. 

Remark 15.3. Consider an oriented Morin map /: M — > N of even dimension of closed 
manifolds with only fold and cusp singularities. Let 5 be a component of singular points 
of / that contains fold points of different indices a\ and a 2 = a,\ + 1. Then 5 is a closed 
smooth submanifold in M and its normal bundle in N is orientable. We observe that if 
a coorientation of 5 is compatible with the canonical orientation of the kernel bundle of 
/ over the set of fold points of index a\ , then it is not compatible with the the canonical 
orientation of the kernel bundle of / over the set of fold points of index a 2 . 

Proof. The differential d®'* coincides with the upper coboundary homomorphism in the 
commutative diagram of exact sequences 

ff*(Ai) ► H*(A ) fr +1 (Ai,A ) 

H*(A ± ) ► H*(A ) — H*+ 1 (A 1 ,A ), 

where A r stands for the space 5(r) with r > and the vertical maps are Thorn isomor- 
phisms (see the proof of Lemma 14.1). 

Suppose that the dimension d is odd. Then every cohomology class of Aq extends to 
a cohomology class of A\. Consequently, the differential is trivial. On the other 
hand, if d®'* is trivial for all i < r, then the homomorphism d^* coincides with the upper 
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horizontal homomorphism in the commutative diagram 

H*(A ) H*+ 1 (A T ,A I . 1 ) 

H*(A ) H*+ 1 (A r ,A r _ 1 ), 

of Thom isomoprhisms, where the lower horizontal homomorphism takes a cohomology 
class x to the coboundary class S(y) in H* +1 (A r , A r -i), where y is an extension of x 
over A r -\. Arguing as above, we conclude that 5 is trivial. Thus, by induction, all 
homomorphisms d*'* are trivial. 

Suppose now that d is even. To begin with we observe that the spectrum Ai/Ao is 
the wedge union of 1 + d/2 spectra 

Ai/A = VMa,b)/Ao 

where Ai(a, b) is the spectrum for A\(a,b) and Aq map germs, and therefore the dif- 
ferential has 1 + d/2 components, one component for each index a = 0,...,d/2. 
The a-th component of d^'* is the upper horizontal homomorphism in the commutative 
diagram 

iT(Ao) > F* +1 (Ai(a,b),A ) 

H*(Ao) H*+ 1 (A l (a,b),A ) 

of Thom isomorphisms. In the case a = 0, the lower horizontal homomorphism 5 
coincides with the coboundary homomorphism (which we also denote by 5) in the exact 
sequence of the pair (BSO^+i, BSO^) : 

_). H*{BSO d+1 ) — > H*(BSO d ) — > ir(BSO d+ i,BSO d ) — > 0, 
(17) *(pi) = 0, 5(e = Th(pi). 

where Th is the Thom isomorphism. This implies the statement of Theorem 15.1 for 
the a-th component of d^'* for a = 0. 

To compute the a-th component of d^'* for a/Owe need an auxiliary construction. 
Let / : M. a+b — > M. denote the standard Morse function. There is a standard action of the 
group G = SO a x SOb on the source space of /. If we let G act trivially on the target 
space of /, then / is G-equivariant. Let 

7: E 1 = EGx G M. a+b — »• BSO a x BS0 6 = B 7 

be the universal vector G-bundle. Consider the commutative diagram of vector bundles 

E y — - — > ESO^+i 



7 Cd+i 
BSO a x BSO b ► BSO d+ i, 
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where is the universal oriented vector bundle of dimension d+l, the bottom 

horizontal map is induced by the injective group homomorphism of SO a x SOft into 
SO a+ b, and the map I is the fiberwise involution 

(18) EG x G R a+b = EG x G [R a x R b ] idXG ^ xl \ EG x G [R a x R b ] 

composed with the pullback map. We recall that the total space of the spherical bundle 
of £d+i is homotopy equivalent to BSO^, and the restriction of £^ +1 ESOd+i to BSO^ 
canonically splits into the Whitney sum of the trivial line bundle over BSO^ and Let 
Sy denote the total space of the spherical bundle associated with 7. Let K denote the 
kernel of df. Then there is a canonical orientation preserving isomorphism 

(19) 7* £7 = 7*[£G x G grad/] © [EG x G K] I*e © I*£ d = I* (^ +1 ESO d+1 ) 
of oriented vector bundles over Sy, where e is the trivial vector bundle over ESO^. 




Figure 2. The gradient and the kernel bundle for / = — x\ + x\ (on the 
right hand side) and for / = x\ + x\ (on the left hand side) . 

Lemma 15.4. The canonical isomorphism (19) splits into the direct sum of two orien- 
tation preserving isomorphisms of vector bundles 

7 *[£Gx G grad/] « J*e and j*[EG x G K] « I*£ d . 

Proof. In the standard coordinates, the gradient of the standard Morse function / is 
given by 

grad / = (-2xi, • • • , -2x a , 2x a+1 , . . .,2x a+b ). 

So the vector field given by the involution (18) of grad / at a point x £ R d is given by 
2x. It remains to observe that the kernel bundle of / over non critical points is given 
by the oriented orthogonal complement of the span of grad/. □ 

In what follows we will identify the base space of a vector bundle with the zero section 
of that bundle. 

Corollary 15.5. The coboundary homomorphism 5: H*(E^ \ By) — > H*(Ey,Ey \ By) 
takes the Euler class of the vector bundle K to {—l) a U, where U is the Thorn class of 
the vector bundle 7: E~ — > By. 

Proof. Let £<j be the fiber bundle over Sy that consists of oriented planes tangent to the 
fibers of the projection Sy — > By. Then the coboundary homomorphism takes the Euler 
class of £d to the Thom class of 7. On the other hand the involution (18) is covered 



36 



R. SADYKOV 



by an automorphism of ^ that changes the orientation if and only if (— l) a is negative. 
Thus for vector bundles over S 1 we have 

e( 7 *(EG® G K)) = I*e(i d ) = (-l) a (£z). 
This implies the statement of the corollary. □ 

Let E^ a b and B^ a b respectively denote the total space and the base space of the 
universal vector bundle £ a fi over the classifying space of the relative symmetry group of 
Ai(a, b). Then there is a commutative diagram 

H*(ESO d+l \BSO d+l ) #*(ESO (i+1 ,ESO d+1 \BSO d+1 ) 



H*(E^ b \B^ b ) > H*(A 1 (a,b),A ) 

k 

H*(Ej \ By) > H*(Ey, E^ \ By), 

where the bottom square is induced by a pullback square. Since the homomorphism k 
in the above diagram is injective, chasing this diagram we compute the differential d®'* . 
Since every cohomology class in kerc^' extends to a cohomology class in A r for r > 1 
we conclude that all differentials tit?'* are trivial for r > 1. □ 

Remark 15.6. In [47] we have shown that the spectrum Ai splits as 

Ax = [Ai(0, d + 1)] V [Ai(l, d)/A ] V • • • V [Ai(d/2, d/2 + 1)/A ] 

for d even, and 

Ai = Y V [Ai(l, d)/A ] V ■ • • V [Ai(d - 1/2, d - l/2)/A ] 

for d odd, where Y is the spectrum for Aq, A\(0,d + 1) and Ai(^4^, ^jrO singularity 
types. This suggests a different choice of convenient generators for the cohomology 
groups of Ai. We will see, however, that for our purposes the choices made in the 
current paper are more appropriate. 

In the next section we will discuss in detail computations of the differential d\'* and 
the component of the differential d^* in the case d = 4s. Computations of the other 
differentials are similar and mentioned in remarks. 

16. The differential d{'* 

In what follows we will often use the property that for a topological space X the 
inclusion {1} x X C [0, 1] x X gives rise to the coboundary isomorphism 

H*({1} x X) A #* +1 ([0, 1] x X, ({0} U {1}) x X). 

Furthermore, the coboundary homomorphism takes each class x to Thx, where Th is 
the Thorn isomorphism. Similarly, the coboundary homomorphism 

tf*({0} xX)A ir +1 ([0, 1] x X, ({0} U {1}) x X), 

takes each class x to — Thx. These properties follow from the exact sequence of the 
pair ([0,1] xX, ({0}U{1}) x X). 
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16.1. The case a = 0. The stratum of Al(0, d + 1) points in A^ is adjacent only to the 
stratum of ^(0, d + 1) points. Consequently in this case the differential d\* has only 
one component. Let A\ denote the subset in = S(oo) of Ai(0, d + 1) and Aq points. 
Let A 2 C Aoo be the subset that contains A\ and the set of .4.2(0, d) points. Then there 
are homotopy equivalences 

A\ \ A ~ BSO d+1 and A' 2 \ A l ~ BSO^, 

and a commutative diagram of Thorn isomorphisms 

^+ d + 1 (i'iMo) #* +d+2 (^ 2 /^i) 



iT^Uo) > #* +1 (.4 2 \A),^i\4d), 

where the bottom horizontal homomorphism 5 takes a cohomology class X to the coho- 
mology class S(y) for a trivial extension of x over \ ^o- The vertical homomorphisms 
in the diagram depend on the choices of Thorn classes, which in their turn depend on 
our choice of orientation of the normal bundle of A' 2 \ Aq in A' 2 . In fact, by excision we 
only need to specify an orientation of the normal bundle in the complement to the set 
of Ai(i, d + 1 — i) points for i > 0; in the complement the normal bundle is isomorphic 
to the canonical kernel bundle which carries a canonical orientation since the canonical 
cokernel bundle is oriented. 




Next we choose a generator in the group H 1 (A' 2 \Aq, A\ \Aq), i.e., the Thorn class, so 
that it is compatible with the coorientation of the A 2 \ A\ stratum in the space A 2 \ Aq 
in the direction of A[. Finally, we choose the Thorn class Uq^,2, or, equivalently, the 
coorientation of A 2 \ A\ in A 2 to be the coorientation of A 2 \ A\ in A 2 \ Aq followed by 
the coorientation of A 2 \ Aq in A 2 . Then 

(20) d{'*(U , d +i,i -p) = Uo A2 ~p 

for each class p G V(0, d + 1). 

Remark 16.1. By a similar argument, we deduce that for a = 0, 
d{'*(Uo, d+1A ^p + U ,d+i,i -eg) = U 0A2 ^p 

for each integer d > (not necessarily of the form d = 4s) and every pair of classes 
p,q £ V(0, d + 1); the Euler class e is trivial if d + 1 is odd. In particular, if d + 1 is 
even, then the class ^0,^+1,1 p maps to the trivial class for each p £ 7^(0, d + 1). 
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16.2. The case a = l,...,2s — 1. We will construct a double covering over the space 
Aoo \ Aq by means of a cohomology class w; by definition, this double covering will be 
the spherical bundle associated with the unique line bundle whose first Stiefel- Whitney 
class is w. Each component of the space A\ \A§ is homotopy equivalent to the classifying 
space BG a of a relative symmetry group G a of a singularity type a. The cohomology 
class w is first defined on the components in A\ \Aq; it is a class w' in H 1 (BG a ; Z 2 ) that 
assumes value 1 only on those pointed loops that represent classes in TT\(BG a ) ~ iro(G a ) 
that correspond to path components of G a that act on R a x R 6 by involution on each of 
the two factors. There is a similarly defined class w" on the set A^ \ Aq. We claim that 
there is a unique cohomology class w over \ Aq that restricts to w' and w" . Indeed, 
consider a part of the Mayer- Vietoris exact sequence 

H°(U)®H°(V) ^H°(Ur\V) -^H X (UUV) — »• H\U) © h\v) —^^(unv) 

for a space V = Ai \ Aq and an open neighborhood U of the space A^ \ A\ in the 
space Aoo \Aq. In what follows we will identify the cohomology groups of the spaces U 
and Aoc \ A\ . The element w' © w" belongs to the kernel of the forth homomorphism 
and therefore lifts to an element w in the cohomology group of U U V. This lift is 
unique up to the image of the second homomorphism, which is trivial since the second 
homomorphism in the exact sequence 

H°{U UV)^ H°(U) © H°(V) — »• H°(U n V), 

Z — > (2s + 1)Z © (2s + 1)Z — > (4s + 1)Z, 

is surjective. Thus the element w that restricts to w' and w" is indeed unique. 

Let i?oo denote the total space of the double covering ttr associated with w over the 
space Aoo \ Aq . The space i?oo inherits a filtration by subspaces 

R r = iTn 1 (A r \ Aq) and Rf{a,b) = 7r^ 1 (Af(a,b)\A ), 

where r = 1,2,..., and the set Af(a,b) stands for the union of A r ^\ and the set of 
Af(a,b) points in A^. Our computation of the differential relies on the commutative 
diagram 

iP(Th7Tj^i) — !— ► H*(ThTT* R lS 2 ) 

fl"*(Thi^) ■> H*(Thv 2 ), 

where vu stands for the normal bundle of Ak \ Ak-i in A^. We observe that the vector 
bundle it* R vi consists of components that are described in the proof of Lemma 14.5, 
while the Thorn space of t^\v2 consists of the Thorn spaces that appear in the compu- 
tation of the cohomology group of Thzv 2 |^4 2 - Under the assumption that a 7^ 6, we have 
computed that the a-th components of the two groups at the bottom of the diagram are 
subgroups of the a-th components of the two groups at the top of the diagram: 

H*(Thu 1 ) = U afitl ^V(a,b), 

H*(Thv 2 ) = U a , bt2 ~(P(a,b) + e a:b P(a,b)), 
and e a 5 = for a odd. 
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Since the A[ = A\(a, 6) is bounded by the sets 

A' 2 = A 2 {a,b-1) and A 2 = A 2 (a - 1, b), 

the differential d\'* has two components. The first component will be computed by 
means of the commutative diagram of Thorn isomorphisms 

F 4s+1+ *(Th7Tj^i) ► # 4s+2+ *(Th7T^) 



H*(R[) > F*+ 1 ( J R / 2 ,i?i), 

where v' 2 is the restriction of v 2 to A 2 , R' 2 = tt^^A^) and R[ = ir R 1 (A' 1 ). The vector 
bundle v\ is canonically oriented since it is isomorphic to the canonical kernel bundle. 
Consequently the vertical homomorphism in the above diagram on the left hand side is 
canonical. We choose a canonical Thorn class U'(a, 6 — 1) for the vertical homomorphism 
on the right hand side so that it is compatible with the Thorn class of Next we 

choose a generator in the group H l (R' 2 , R±), which is a Thorn class of a line bundle, so 
that it is compatible with the coorientation of R 2 \ R± in the space R 2 in the direction 
of R[ (of fold map germs of the smaller index a). Finally we choose the class U a ^-\,2 so 
that it corresponds to the coorientation of R' 2 \R\ in T\nr* R h i 2 given by the coorientation 
of R' 2 \ R\ in R 2 followed by the coorientation of R 2 in Th.ir* R v' 2 . 

Similarly we have a commutative diagram for the second component of d\'* 

# 4s + 1+ *(Th7r^i) ► # 4s+2+ *(Th7r|j^ / ) 

H*(R[) ► H* +1 (R' 2 \Ri), 

where v 2 is the restriction of v 2 to A 2 , R 2 = 7r i? 1 ( J 4 / 2 ) and R[ = 7r^ 1 ( J 4' 1 ). Again, the 
Thorn homomorphism on the left hand side is chosen to be the orientation class for the 
canonical kernel bundle, while the Thorn class U"(a — 1,6) for the vertical homomor- 
phism on the right hand side is chosen so that the diagram is commutative. Then, by 
Remark 15.3, 

U'(a,b) = -U"(a,b) for a = 1, 2s - 1, 6 = 4s + 1 - a. 

We choose a generator in the group H 1 (R 2 , R\) so that it is compatible with the coori- 
entation in the direction opposite to R\ (i.e., in the direction of map germs of smaller 
index a). We note that the chosen coorientation class U a -\,b,2 coincides with negative 
the coorientation of R 2 \ R\ in R 2 followed by the coorientation of U"(a — 1,6) Chasing 
the two above diagrams we conclude that 

(21) d 1 1 '*{U aibil Up) = U a - libi2 Up + U a , b - 1 , 2 Up 

for every cohomology class p G V(a, 6), where all Thom classes U a ,b,i are chosen to be 
compatible with U'(a,b). Note that the classes U a -\f>,2 ^P ar e trivial if a is even and 
p G p°,V{a, 6); while the classes U a ^-\,2 ^P are trivial if 6 is even and p €E p' b V(a, 6). 

2 2 

Remark 16.2. By a similar argument, we deduce that for a = 1, [^j^J , 
di* {U a ,b,i U aAl - eq) = XJ a _ x A2 Up+ U a ^ h2 U p, 
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where b = d + 1 — a, for each integer d > and every pair of classes p,q £ V(a, b); the 
Euler class e is trivial if d + 1 is odd; the classes U a -\,b,i ^P are trivial if a is even and 
p G paV(a, b); while the classes ~U a ,b-\,2 ^P are trivial if 6 is even and p G p' b V(a, b). 

2 2 

16.3. The case a = 2s. Let denote the total space of the double covering ttt 
associated with the cokernel bundle C\ over the space Rod- Every filtration that we 
have over the space Roo induces a filtration of the space Too. We will write T r for 
7r T 1 (i? r ) and so on. The set A[ = ^1(25,25 + 1) is bounded by the sets 

(22) A' 2 = A 2 (2s,2s) and A' 2 ' = A 2 {2s - 1, 2s + 1), 

and therefore the coboundary homomorphism may have two components. The restric- 
tions of V2 to the two spaces in (22) will be denoted by v' 2 and v 2 respectively. Our 
computation of the A 2 component of the differential relies on the commutative diagram 

F*(Th^Vi) H*(Thir*v' 2 ) 

H*(Thvi) — ► H*(Thu' 2 ), 

where ir stands for the composition ttr o t\ t . We observe that the Thorn space Th-7r*^2 
coincides with the Thorn space Th that we used in order to compute the cohomology 
group of the Thorn space of v' 2 . On the other hand, the space Th7r*z/i is a singular 
double cover of the corresponding space Th . 



w 



w 



Figure 3. The four fold covering T[ — > A\ \ Aq. One of the two compo- 
nents of T[ adjacent to T 2 \ T\ (bold). 

The deck transformation corresponding to the class w preservers the two components 
of Th-7r*i/i, while the deck transformation corresponding to the class w\(Ci) exchanges 
the two components. Next we choose Thorn classes U 2s 2s+1 1 and U 2s 2s+1 1 in the two 
path components of Th7r*^i. We choose the class ^2s,2s+i,i so ^at it is compatible 
with the canonical orientation of the kernel bundle and U 2s 2s+1 1 to be the one that is 
not compatible with the canonical orientation of the kernel bundle, so that the classes 
U 2s 2s+11 and £^23+1,1 correspond to the same local orientation on the normal bundle 
of ^2s,2s,2 \ Aq in ^42s,2s,2- This guarantees that we may choose a Thorn class for the 
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vertical homomorphism on the right hand side of the diagram so that the diagram of 
Thorn isomorphisms is commutative. 

Lemma 16.3. The deck transformation of w maps 

^2s,2s+l,l ^ ^2s,2s+l,l) ^2s,2s+l,l ^ ^2s,2s+l,l> 

while the deck transformation of W\(C\) maps 

^2s,2s+l,l ^2s,2s+l,l' ^2s,2s+l,l ^ ^2s,2s+l,l) 

Pi i-)- ft and p'i ' ^ pi 

Remark 16.4. Let us consider the deck transformation of wi(Ci). Consider the subgroup 
Z2 x Z2 of the symmetry group of the minimal A2 (2s, 2s) map germ generated by 
the two elements {w, h x r}, where w is an element of order 2 in [O a x Oa] + that acts 
on M a x M a by reflecting the two copies of M a along hyperplanes. The group H acts on 
T 2 \ T\ by deck transformations and on A 2 \ A\ as a subgroup of the symmetry group 
of the minimal Ai (2s, 2s) map germ; and the covering 

Ti\T 1 ^A' 2 \A 1 

is i^-equivariant. Furthermore, the action of H extends over neighborhoods of T 2 \ T\ 
in T 2 and A 2 \A± in A 2 so that the covering of neighborhoods is still ^T-equivariant. We 
warn the reader, however, that the action of H over the neighborhood of T 2 \ T\ in T 2 is 
different from the deck transformations (see Figure 4). For example, the transformation 
H of the neighborhood of T 2 \ T\ preserves its coorientation in T 2 , while the deck 
transformation of h x r reverses this coorientation. 

Proof. The action of the deck transformation of w can be deduced from the action of the 
corresponding transformation ft in Table 4. The deck transformation of hxr corresponds 
to the deck transformation of a in section 14.3. Consequently, 

(h X T)*U2s,2s,2 = ~U2s,2s,2 

(see the action of a in Table 5). The deck transformation of h x r reverses the coorien- 
tation of T 2 \ Ti in T 2 . Hence 

(h x ryu' w = U^ 2s>1 . 

The action of the deck transformation of wi{C\) on U 2s 2s+11 , pi and p\ is computed 
similarly. 

□ 

Thus, the vertical homomorphism on the left hand side embeds the group H* (Th.fi) 
to a subgroup of 

( ^2s,2s+l,l ~^Pi + ^2s,2s+l,l ^ Pi) > 

while the vertical homomorphism on the right hand side embeds the group H*(Th.v 2 ) 
into the subgroup 

H*(A' 2 ,A 1 ) = U' 2s ^ 2 ~{AV + eAV). 
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Since the vector bundle ir*vi is orientable, there is a commutative diagram of Thorn 
isomorphisms 

# 4s+1+ *(Th7rVi) > H 4s+2+ *(Thir*v' 2 ) 

H*(T[) H* +1 (T^T!). 
We note that the normal bundle of T 2 \ T\ is orientable, but there is no canonical 
orientation. We fix one of the two possible orientations. We also note that the set 
T 2 \ T\ is connected, while T\ has two components. Without loss of generality we may 
assume that the coorientation of T 2 \ T\ is directed toward the first component of T\ . 

Let /i be the zero cochain in T\ that assumes values 1 and on the first and second 
components of T\ respectively. Similarly, let f 2 be the zero cochain in T\ that assumes 
1 and on the second and first components respectively. Then <5(/i) and S(f 2 ) equal 
the generator and negative generator i of R X (T 2 ^T\) respectively. Furthermore, if p is 
a cohomology class of T\ that on both components of T\ is the same polynomial of the 
form SV(2s,2s), then 

5(fip) = iUp and 5(f 2 p) = — l U p. 

On the other hand the Thorn isomorphism on the left hand side of the above diagram 
takes the class (f\ + f 2 )p = p to the class 

U' 2 s,2s+l,l UP+ ^2 S ,2 S +1,1 U p. 

Since 8[{fi + f2)p\ = 0, we conclude that the A 2 component of d\'* is trivial on all classes 
of the form ?72s,2s+i,i Up for p in SV(2s, 2s). 

Let now p be a cohomology class on T\ that on both components of T\ is the same 
polynomial of the form AV{2s, 2s). Then 

S[(h- f 2 )p] = 2LUp, 

while the Thorn isomorphism on the left hand side of the above diagram takes S[(f\— f2)p] 
to 

,2s+i,i Up- U 2s 2s+11 U p. 

Consequently, the A 2 component of d\'* (C^2s,2s+i,i ^p) equals 2\Ji s ,2s,2 for p of the 
form AV(2s,2s). 

Next we consider the A 2 component of the differential d\'* . In this case we use 
the argument of the computation of the A 2 component of the differential d\'* for a = 
1, ...,2s — 1; in particular we utilize the double covering 7Tr instead of ir. We deduce 
from the equation (21) that the A 2 component of d\'* maps 

U2s,2s+l,l UpH- U 2s -l,2s+l,2 U p 

for every class p £ V(2s, 2s + 1). To summarize, we have computed that 

d{'* (U 2s , 2s+ l,l -p) = U 2s -l,2s+l,2 ^P 

for p in SV(2s, 2s) and 

d\'* {U 2s ,2 S +i,i ^P) = ^28-1,25+1,2 ^P + 2U 2St2Si2 -p 
for p in AV(2s,2s). 
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Remark 16.5. In the general case of a map of dimension d > the computations are 
slightly different. The deck transformation of ioi(Ci) maps 

U' ' V U", U" ' y U' 

for d = 4s and d = 4s + 3, and 

U' ' ^ -£/", 17" ' y -U' 
for d = 4s + 1 and d = 4s + 2. We deduce that 

d}'*(^a,6,i ^p) = U a - ljbj 2 ^p, for p G <S7>(a, 6), 

^'*(C4,6,i ^p) = £4-1,6,2 + 2C/ a ,6-i,2 ^P, for p € ^t"P(a, b) 
for d even and a = d/2, b = d + 1 — a; and 

^ e P) = 0. for P G 5 ^( a ' 6 )> 

di*(U aA1 -p) = ^P, for P G .AP(a, 6) 

for d odd and a = ^±1, 6 = d + 1 — a. In the case a = b = 2s, the choice of a 
auxiliary covering is different is different; on the other hand, in this case one may avoid 
computations by chasing Table 14 and using the property that d\'* o d^'* = 0. 

Theorem 16.6. In the case where the dimension is of the form d = 4s, the kernel of 
d\'* is generated by the classes 

T2s,p = ?7o,4s+l,l ^P - f7l,4s,l ^P, 

/orpGp' 2s P(0,4s) ; 

T 2s -l,p = ^0,4s+l,l ^P ~ f/l,4s,l ^P + U 2 ,4s-l,l ^P ~ ^3,4s-2,l ^P, 

/orp€p / 2s _ 1 P(3,4s-2), 

T 3 +l,p = ^0,4s+l,l ^PH h (-l) a ^a,6,l ^PH 1 h (-l)t/2s-l,2s+l,l ^P, 

forpep' s+1 V(2s- l,2s + l), and 

0"Q = ^0,4s+l,l - t/l,4s,l H h ^2s,2s+l,l ^ <5 

/or eacft Q G SP(2s,2s). 

Proof. Let d/y denote the component of the differential d x ' that is a homomorphism 
from the subgroup {Uk,d+i-k,i ^p) to the subgroup (U^d-1,2 ^p)- In particular dj~,i is 
non-trivial only if I = k or I = k — 1. Consider d2 S ,2s- Its kernel is £7 ^57 3 (2s,2s). 
Chasing the Table 11 from the top to the bottom, we deduce that the classes oq 
are in the kernel of d 1 ' . Next we consider dis—\,is—\- Suppose x is a polynomial in 
Q[pi, ...,p s -i,Pi, ...,p' s+1 ], x is not the homomorphic image of a class in SV(2s,2s) and 

£72 S -i,2s+2,i is a component of a class in the kernel of d\'* . Then d2s-i,2s-i(^) = 0. 
Consequently x is in the form p' s+ iV, which gives rise to elements r s+ i iP in the kernel of 
d\'* . Next we consider the homomorphism d2 S -2,2s-2 and repeat the argument. In 2s 
steps we determine all elements in the kernel d 1 '*. □ 
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Lemma 16.7. The sequence of linear homomorphisms 

— ► V(4s) -A V(2s, 2s) — > AV(2s, 2s) — ► 
is exact, where the homomorphism s is an algebra homomorphism that takes pi to 

Pi +Pi-ip[ H Pip'i-! +Pi, 

while the next homomorphism is a projection along SV(2s,2s) . 

Proof. Let V{As) — > Q[ii, <2s] be an algebra homomorphism that takes pi to the 
i — th symmetric polynomial, i.e., the symmetric polynomial that contains t\ti ■ ■ ■ t{. It 
is known that this homomorphism is an isomorphism onto the subalgebra of symmetric 
polynomials. This map factors as a composition of s and the homomorphism V(2s, 2s) — > 
Q[ti, t2 S ] that takes pi and p\ to the i-th symmetric polynomials in t±,...,t s and 
t s+ \, ...,t2 S respectively. Consequently s is injective an its image consists of symmetric 
polynomials SV (2s, 2s). □ 

Lemma 16.8. The classes Tj :P form a linear basis q/ker d\'* / imd^' 1 . 

Proof. Every class in ker<i}'* has 2s + 1 components, one for each index i = 0, ...,2s. 
The (2s)-th component of each linear combination of the classes Tj tP is trivial while the 
(2s)-th component of every element in imd'j 1 '* is non-trivial. On the other hand, by 
Lemma 16.7, the dimension of the vector space spanned by the classes Tj :P coincides 
with the dimension of the vector space 

17. The differential df*'* 

17.1. The case a ^ b. Over the space \ A\ there is a well-defined vector space 
K1/K2 with first Stiefel- Whitney class v = w\{K\/K2). We consider a four fold cover 
up of the space ^00 \ A\ by a space Poo classified by the two cohomology classes v and 
w. Again, each of the defined nitrations of Aoo \ Ai determines a filtration on the space 
Poo; we will write Pk for 7Tp 1 (^4fc \ A\) for each k > 1. 

The set A' 2r = A2 r (a, b) is bounded only by the set A' 2r+l = A2 r +i(a, b) and therefore 
the coboundary homomorphism has only one component, which we compute by means 
of the commutative diagram 

H*(Th7r P v' 2r ) H*(Thir P v' 2r+1 ) 



H*(Thu' 2r ) — ?-). H*(Th»' 2r+1 ), 

where v' 2r and z^r+i are ^ n e restrictions of V2r an< i ^2r+i to the components A' 2r and 
A' 2r+1 respectively. The Thorn space Th7r*i/2 r+1 coincides with the space Tho used in 
the computation of H* (Th.v' 2r+1 ). In fact we expressed the latter group as a subgroup 

H*(Thu' 2r+1 ) « U± b2r+1 ~e a , b V(a,b) 

if r is odd, and 

H*(Th4 r+1 )KU± bj2r+1 ~V(a,b) 
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if r is even. On the other hand, the space T\nr*v 2r is a singular double cover of the 
corresponding space Tho. Let U' and U" be two Thorn classes in the two path compo- 
nents of Th 7r* v' 2r chosen so that U' and U" correspond to the same local orientation of 
the normal bundle of A 2r+ i(a, b) \ A 2r ^\ in A 2r+ i(a, b). The deck transformation of w 
preserves the two sheets in Thir*v 2r and w* maps 

U' i— > U', U" ' V U", 

(see the corresponding transformation (3 in Table 4), while the deck transformation of 
v exchanges the two sheets in Th7r*f2 r . 



w 



w 



Figure 4. The four fold covering P 2r ->• A 2r \ A\. One of the two 
components of P 2r adjacent to P 2r+ i \ ftr (bold). 

Lemma 17.1. The action of v maps 

U'^{-l) r+1 U", U"^(-l) r+1 U', Pi ^ Pi , V \^ P \, e^-e. 

Proof. Let us assume that r + 1 is odd, the argument in the case of r even is similar 
and will be omitted. Then the relative symmetry group of the minimal A2r+i(ft, b) map 
germ contains a subgroup H « Z 2 x TL 2 generated by an element h and by an element 
w that acts on l a x I 6 x M 2r+1 by orientation reversing involutions on the first and the 
third factors. The group H acts both on the space A' 2r+1 \ A 2r and on P 2r+1 \ P 2r so 
that the covering 

A 2r+1 \ Mr > P 2r +l \ P 2r 

is i^-equivariant. This action extends to the action of H on neighborhoods of the two 
spaces in P 2r+ i and A' 2r+1 respectively, so that the double covering of neighborhoods is 
still iJ-equivariant. We observe that h reverses the coorientation of the set A 2r+1 \ A 2r 
in the set A 2r+1 since it acts on the linear vector space K 2 non-trivially. Consequently, 
the action of h does not coincide with the deck transformation of v. Thus the deck 
transformation of v takes U' to ±U" and U" to ±U' . 

The deck transformation of v corresponds to the deck transformation of a in sec- 
tion 14.4, which takes U a ^ 2r +i to U a ^, 2r +i- Since v reverses the coorientation of 
P 2r+ i \ P 2r in P 2r+ i \ P 2 r-i w e conclude that the deck transformation of v takes 

U' ' y -U" and U" ' V -U'. 
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Let us choose an Euler class e over -P^r+i \ ^2r, it is an Euler class of the vector bundle 
K1/K2. Then we may choose an Euler class over P 2r so that it is compatible with the 
Euler class e. Then by the computation in Lemma 14.7, the deck transformation of v 
takes e to — e (see the action of a on e a ^). Similarly we deduce that h takes pi to p, t and 
p'i to p[. □ 

Consequently, the vertical homomorphism on the left hand side of the diagram embeds 
the cohomology group of the latter space onto the subgroup 

{ -p + (-l) r+1 [/" -p I P eV(a,b) }©{ £/' -ep + (-l) r [/" -ep | pGP(a,6) }; 

the Euler class e is trivial for a odd. There is a commutative diagram of Thorn isomor- 
phisms 

H*(Thn p u 2r ) ► H*(Thir* P v' 2r+l ) 

H*(P^ r \ P 2 r-l) ► H*(P> r+l \ P 2r -l,P2r \ ftr-l). 

The normal bundle of P 2r \ P 2r -i in P 2r * s isomorphic to the bundle (K1/K2) © 2rK2, 
which is orientable but does not have a canonical orientation. Again we have that the 
two components of P 2r \ iV-i are adjacent to the one component of P 2r+ i \ P 2r - We 
may assume that the generator l in the group ^(i-^r+i \ P2 r -i/P 2r \ P2r-\) is chosen 
so that it is compatible with the coorientation in the direction of the first component of 
P 2r \P 2r -i- Let f\ be the cochain of degree that assumes value 1 on the first component 
of P 2r \ P 2r -i and the value on the other component. Let / 2 be the cochain 1 — f\. 
For r + 1 odd we have 

<K/i ~ h)P = L^p + i^p = 2i -p, (f\ - f 2 )p ^U' ^p- U" -p, 

5{fi + hYp = t - ep = 0, (/1 + f 2 )p ^> [/' - ep + U" - ep, 
and therefore 

dl r >*(U aA 2r -p) = 2U+ b )2r+1 -p + 2U- b>2r+1 -p for p G V(a, b), 

and 

dl r '*(U a ^2r -ep) = for p G V(a, b). 

For r + 1 even we have 

S(fi + h)p = t -p - 1 -p = 0, (/1 + / 2 )p U' -p + U" -p, 

S(fi - h)ep = i -ep = 2t -ep, (/1 - / 2 )p ^> f/' -ep - U" -^ep, 
and therefore 

dl r '*(U aA 2r -p) = for p G P(a,6), 

and 

dl r '*{U aib ,2r -ep) = 2C/+ 62r+1 -ep + 2CT A2r+1 -ep for p G V(a, b). 
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Remark 17.2. In the general case of maps of dimension d > 0, computations are similar. 
We deduce that for r + 1 odd 

dT'*(U aA2r ~p) = 2U+ b 2r+1 ^p + 2C/- 6 2r+1 ^p for p G V(a, b), 

d 2 i'*(U aA 2r ^ep) = for p G P(a,6), 
where e is trivial if d is odd; and for r + 1 even 

dl r, *(U a ^ 2r ^p) = for p G V(a,b), 

dl r '*(U aibi 2r -ep) = 2l7+ 6)2r+1 -ep + 2£/T A2r+1 -ep for p G P(a, 6), 
where again e is trivial if d is odd. 

17.2. The case a = b. The argument is similar to that in the case a / b. We conclude 
that 

dl r '*(U aA 2r -p) = 2f/ ai5 ,2r+i -P for p G SP(a, b), 

and 

df"'* (U a ,b,2r -ep) = for p G 5"P(a, 6) 

for r + 1 odd, and 

d\ r '*{U a ^2r -p) = for p G AP(a, 6), 

and 

df"'* (f/ a ,&,2r - ep) = 2c7 aA 2r+i - ep for p G -4P(a, 6) 

for r + 1 even. 

Remark 17.3. In the case where d is odd, we always have a < b. In the case d = As + 2 
the above formulas hold true with e = 0. 

Or-f-l * 

18. The differential d 1 ' 

18.1. The case a ^ b. For computation of the differential c^ r+1 '* we will again use the 
space Pqo together with its nitrations. The set A' 2r+1 = A2r+i(a,,b) is bounded only 

by the set A' 2r+2 = A2 r +2(a,b); we will compute d± +1 '* by means of the commutative 
diagram 

tf*(Th^ r+1 ) > H*(ThTr* p v> 2r+2 ) 



H*(Thv> 2r+1 ) ► H*(Thv> 2r+2 ), 

where f 2 r+i and f 2 r+2 are the restrictions of ^2r+i and z^r+2 to the components A 2r+1 
and ^4' 2 r+2 respectively. We note that P 2r+ \ = 7r p 1 ( y ^2r+i) consists of a component of 
^2r+i ma P germs and a component of A 2r+1 map germs. The Thorn space of Tip^r+i 
coincides with the Thorn space Th o used in the computation of the cohomology group 
of A'2r+i/A2r', we have computed that the Thorn isomorphism on the left hand side of 
the diagram embeds the cohomology group of Th v' 2r+x onto the subgroup 

H*(Thv 2r+1 ) « U± b2r+1 ~e a , b P(a,b) 

if r is odd, and 

H*(Thv> 2r+1 )*U± A2r+1 ~V(a,b) 
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if r is even. On the other hand, the Thorn space of Ttpi / 2r+2 1S a double cover over 
the space Tho used in the computation of the cohomology group of A 2r jA 2r ^\. We 
choose the coorientation of P 2r+2 \ ^2r+i m -P2V+2 \ ^2r- 2 m ^ ne direction of A 2r+l map 
germs. Let U' and U" be the two components of the Thorn class of Tt* p v 2r+2 that locally 
correspond to the same orientation of the normal bundle. 

Lemma 18.1. The deck transformation of v maps 

U'^(-l) r U", U"^{-l) r U', p^p, e^-e. 

Proof The transformation h x r takes U^ h2r+1 to (— l) r U a ^, 2r +i, and therefore v maps 

u'^(-iyv", u"^(-iyv. 

□ 

Consequently, the vertical homomorphism on the left hand side of the diagram embeds 
the cohomology group of the latter space onto the subgroup 

{ U' -p + (-iyu" -p I P eV(a,b) }0{ U' ^ep + {-iy +1 U" ^ep I P eV(a,b) }; 

the Euler class e is trivial for a odd. There is a commutative diagram 

W+d + 2r + l {p , r+i/ p 2r) ^* +d+2r+2 (^ r+2 /^ r+1 ) 



H*(P^. +l \P 2r ) H*(P' r+2 \P 2r ,P 2r+1 \P 2r ). 

Two components of P 2r+ i are adjacent to the two components of P 2r+2 . 




Figure 5. The four fold covering P 2r+2 \ P 2r ->■ A' 2r+2 \ A 2r . One of the 
two components of P 2r+ \ adjacent to P 2r+2 (bold). 

Let /1 be the cochain of degree that assumes value 1 on the component -P2r+i( a ' ^) \ 
P 2r and the value on the other component. Let f 2 be the cochain 1 — /1. 
Suppose r is odd. Then 

5(f±ep) = 1 ^ep + 1" ^ep, 
S(f 2 ep) = —1 ^ep — l" ^ep, 
Th(/iep) = U+ b >2r+1 - ep, Th(/ 2 ep) = U~ bj2r+1 ~ ep, 
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where t! and i" are the two Thorn classes that correspond to the coorientation in the 
direction of A 2r+l map germs. Consequently, 

d T +1 '* ■ U+b,2r+l ^ e P+ U a,b,2r+1 ^ep^O, 
d l ' : U a,b,2r+1 ^ e P~ U a,b,2r+1 ~ e P ^ ^a,b,2r+2 - ep. 

Suppose, now, that r is even. Then 

8{fiP) = + ^f>, 
5(/2P) = -l ^p- t" ^p, 
Th(/ lP ) = L/+ >+1 ~p, Th(/ 2 p) = C/- 6i2r+1 ~p, 

Consequently, 

d 2r+i,* . [/+ 6 ^ p + U- b 2r+l -p ^ 0, 

9r-|-l * _|_ 

d l ' : U a,b,2r+1 ~ U a,b,2r+1 ^P ^ 2 ^a,&,2r+2 ~J>. 

Remark 18.2. The above formulas hold true for arbitrary d > with e = if d is odd. 

18.2. The case a = b. Let 7Pr denote the double covering — > \ A\ associated 
with w and the class w±(Ci). To compute the coboundary homomorphism for the 
adjacency of the set A' 2r+1 = A2 r +i(a, b) to the set A' 2r+2 = ^2r+2(a, b), we consider the 
commutative diagram 

H*(Thir* p i/ 2r+1 ) ► H*{Th^ p v' 2r+2 ) 

H*(Thu' 2r+1 ) > H*(Thu' 2r+2 ), 

where v' 2r+1 and ^ 2 r-+2 are the restrictions of V2r+i and V2r+2 to the components A' 2r+1 
and A' 2r+2 respectively. We note that the space T 2r+2 = ir^, 1 (A 2r+2 ) consists of a single 
component, and that the Thorn space of TVj< u 2r+2 coincides with the Thorn space Tho 
that we used to compute the cohomology group of A' 2r+2 /A2 r +i', in particular, we have 

H*(Thv' 2r+2 ) « U aA 2r+2 ~{SV eSV(a, b)) 

if r is even, and 

H*(Thu' 2r+2 ) « U aA 2r+2 ^(AV(a,b)®eAV(a,b)) 

if r is even. On the other hand, the Thorn space of double cover over 

the space Tho used in the computation of the cohomology group of A' 2r+1 /A2 r . It has 
too components and we choose the coorientation of T 2r+2 \ T2 r +i in T 2r+2 \ T 2r _ 2 in the 
direction of the first component. The Thorn classes U' and U" for the two components of 
n T u 2r+i are chosen to locally correspond to the same orientation of the normal bundle. 



Lemma 18.3. The deck transformation of w\(C) maps 

U'^(-l) r U", U"^{-l) r U', p^p', e^e. 
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Proof. The transformation h x r takes 

U a ,b,2r+2 = U a)b) 2r' to (-l) 7 " ^a,6,r' = (~ l) r+1 £7i,ft,2r+2 

(see the transformation a in Table 5), and therefore the deck transformation of w\(C) 
maps 

u' ^ (-iyu", u"^(-iyv. 

□ 

Consequently, the cohomology group 7F(Th f 2r+1 ) is isomorphic to 

{ U' + U" } 

if r is even and 

{ U' - epi - U" - ep • } 

if r us odd. 

Next we turn to the commutative diagram 

H*+ d + 2r + 1 (Thp* T u' 2r+1 ) ► H*+ d+2r+2 {Thp* T v' 2r+2 ) 

H*(T 2r+1 \ T 2r ) > H*(T 2r+2 \ T 2r , T 2r+ i \ T 2r ). 

Let f\ be a function on T 2r+l \ T 2r that on the first component assumes value 1 and 
on the second component assumes value 0. Let / 2 be the cochain 1 — f±. Then for every 
p G V eP, 

S(fip) = i ^P, S(f 2 p) = -l -p, 

Th(/ip) = U' -p, Th(/2p) = 17" -p. 
Consequently, for r even and p G ST- 7 , 

d 2r+i,* . Ua b 2r+l ^ p ^ o, 

for r even and p G .AT- 7 , 

df" 1 " 1 '* : f7 a ,&,2r-+i -p i-> 2L7 aibj2r+2 -p, 
while for r odd and p G iS7>, 

d 2r+i,*. f/ aA2r+1 ^epn- 2£/ a)6)2r+2 - ep, 

for r oedd and p G AP, 

d 2r+i,* . jj a b 2r+l ^ ep ^ o. 

Remark 18.4. The above formulas hold true for maps of dimension d = 4s + 2 as well. 
In the case where 7, is odd, we always have a < b. 
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19. The cohomology group of A r for d = As 

The differentials d t ' with t > 1 are trivial since E 1 ^ are trivial for i > 1. Thus we are 
in position to list the cohomology group of each spectrum A r for d = As. For a graded 
algebra A over a field k, let 

rk(G) = 50 + Si* + 02* 2 + ■ ■ ■ 

denote the series where each gi stands for the dimension of the subspace of A of vectors 
of grade i. We will be interested in series 

p t (a, b) = ik(V(a, b)), s t (a, b) = vk(SV(a, b)), 

Ot(a, b) = vk(AV(a, b)), b t (d) = vk(V(d)). 

Theorem 19.1. The rank series of the cohomology ring o/Ai is 

d/2 

p t (0, d+l) + t d+l ^ Pt(a, d + l-a). 

a=l 

Proof. By Remark 15.6, for d even the spectrum Ai splits as 

Ax = [Ai(0, d + 1)] V [Ai(l, d)/A ] V • • • V [A^d/2, d/2 + 1)/A ]. 

□ 

Theorem 19.2. The rank series of the cohomology ring of A2 r for r odd is 

s-l 

b t (d) + t d+1 t^ 2s -^p t (2j + 1, As - 2j)+ 

3=0 

s-l 

+t 8s+2r a t (2s, 2s) + t 8s+2r Pt(2», 4s - 2i). 

i=0 

Proof. The cohomology algebra of A2 r is generated by kerd^'*, which contributes the 
polynomial bt(d); the classes T2 S -j, p for j = 0, ...s — 1 (see Table 10), which contribute the 
second term; the classes £/2i,4s-2i,2r ^ep for each i = 0, s — 1 and p £ V(2i, As — 2i), 
and for % = s and p G .AT 7 (2s, 2s). □ 

Theorem 19.3. TTie rank series of the cohomology ring of A2 r +i for r odd is 

s-l 

b t (d) + t d+1 J2t 4{2s ~ j) PtC*3 + 1,4s - 2j)+ 

3=0 

s-l 

+t 8s+2r+1 s t (2s, 2s) + t 8s+2r+1 Y PtVh 4s - 2i). 

Proof. The cohomology algebra of A2 r +i is generated by kerd°'*; the classes T2 S -j, P for 
j = 0, ...s — 1; and the cohomology classes 

^W^r+l ^ e P~ U 2i,4s-2i,2r+l ~ e P 

for each non-negative integer i < s and p € V(2i,As — 2i); and for i = s and p € 
5P(2s,2s). □ 
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Theorem 19.4. The rank series of the cohomology ring of A2 r for r even is 

s-l 

b t (d) + t d+1 £ t 4(2s - j) Pt(2j + 1, 4s - 2j)+ 

3=0 

2s-l 

+t 4s+2r 5 t (2s, 2s) + & +2r J2 Pt(a, As -a). 

* 

Proof The cohomology algebra of A2 r +i is generated by kerc^' ; the classes T2 S -j, P for 
j = 0, ...s — 1; and the cohomology classes U a ^ s - a ^r ^ P for each a = 0, ...,2s — 1 and 
p G V(a, 4s — a); and for a = 2s and p G SV(2s, 2s). 

□ 

Theorem 19.5. T/ie rcm/c series of the cohomology ring of A2 r +i for r even is 

s-l 

b t (d) + t d+1 t 4{2s - j) Pt(2j + 1, 4s - 2j)+ 

3=0 

2s- 1 

+t 4s+2r+1 o r (2s, 2s) + t 4s+2r+1 Pt(a, 4s - a). 

a=0 

Proof. The cohomology algebra of A2 r +i is generated by kerc^'*; the classes T2 S -j,p for 
j = 0, ...s — 1; and the cohomology classes 

Ua,4s-a,4r+l ^P ~ ^a,As-a,Ar+l ^P 

for each a = 0, 2s — 1 and p G V(a, 4s — a); and for a = 2s and each p G AP(2s, 2s). 

□ 

Theorem 19.6. The rank series of the cohomology ring of is 

s-l 

b t (d) + t d+1 t 4{2s ~ j) Pt(2j + 1, 4s - 2j). 

3=0 

Proof. The cohomology ring of Aoo is generated by ker , and the classes T2 S -j, P for 
j = 0,..,s-l. " □ 

20. The cohomology group of A r for d = 4s + 1 and d = 4s + 3 
Let d! denote the number =~^. 
Theorem 20.1. For d = 4s + 1 the rank series of the cohomology ring of Ai is 

bt{d)+t d+l at {d'J)+ 

d'-l d'-l/2 

+t d+1 Y J Pt{a,d+l- a)+t 2d+2 Pt{2a,d+l-2a). 

a=0 a=0 

In the case d = 4s + 3 there is an additional term t 2d+2 s(d', d'). 



INVARIANTS OF SINGULAR SETS OF SMOOTH MAPS 53 

Proof. The cohomology algebra of Ai is generated by kerc^' ; and Ud',d',i ^ P for p G 
AV{d! ', d'); and U a> d+i- a ,i ^P fo r each a = 0, d' — 1 and p G V(a, d + 1 — a); and the 
classes Iq i(1 for each even a. In the case a! = 4s + 3 there are also classes Iq. □ 

Theorem 20.2. The rank series of the cohomology ring of A2 r for r odd is 

b t (d)+t d+1 a t (d',d')+ 

d'-l/2 s 

+t 2d+2 £ p t (2a,d + l-2a) + t d+1 ^t 4(d '"''' ) p(2j,d + l-i). 

a=0 j=0 

In the case d = 4s + 3 i/iere is an additional term t 2d+2 s(d ; , d'). 

Proof. The cohomology algebra of A^r for r odd is generated by ker d®'* ; the cohomology 
classes a Q , I Q , a , and >p . In the case d — 4s + 3 there are also classes Iq. □ 

Theorem 20.3. The rank series of the cohomology ring of A2 r +i for r odd is 

b t (d)+t d+1 a t (d',d')+ 

d'-l/2 s 

+t 2d+2 J- Vt {2a,d + l-2a) + t d+l Y J t A{d '~ 3 h(2j,d + l-j). 

a=0 j=0 

In the case d = 4s + 3 there is an additional term t 2d+2 s(d', d'). 

Proof. The cohomology algebra of A2 r for r odd is generated by ker d 1 ' ; the cohomology 
classes <tq, /q )(1 , and Td'- s , P , i~d',p. In the case d = 4s + 3 there are also classes Iq. □ 

Theorem 20.4. The rank series of the cohomology ring of A2 r for r even is 

d'-l/2 

b t (d) + t d+1 a t (d',d') + t 2d+2 Pt(2a,d+l-2a)+ 

a=0 

s d'-l 

+t d+1 ^ t 4(d '-rip(2j, d+l-j) + t d+2r Pt(a, d-a). 

j=0 a=0 

In the case d = 4s + 3 there is an additional term t 2d+2 s(d', d'). 

Proof. The cohomology algebra of A2 r +i for r odd is generated by ker d®'*; the coho- 
mology classes a Q , I Q>a , and T d /_ SiP , ...,r d / jP ; and U a , d - a ,2r ^P for each a = 0, ...,d' - 1 
and p G V(a,d — a). In the case d = 4s + 3 there are also classes Iq. □ 

Theorem 20.5. The rank series of the cohomology ring of A2 r +i for r even is 

d'-l/2 

bt{d) + t d+1 a t {d',d') + t 2d+2 Y, Pt(2a,d+l-2a)+ 

a=0 

s d'-l 

+t d+1 t 4{d '- j) p{2j, d+l-j) + t d+2r+1 Y Pt(a, d-a). 

j=0 a=0 

In the case d = 4s + 3 there is an additional term t 2d+2 s{d' ,d')]. 
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* 

Proof. The cohomology algebra of A2 r +i for r odd is generated by keid[' ; the coho- 
mology classes a Q , I Q , a , and r d /_ S;P , r d / jP ; and U+ d _ aj2r+1 - p - lJ- d _ a 2r+1 for 
each a = 0, d! — 1 and p G V(a,d — a). In the case d = 4s + 3 there are also classes 
^Q- □ 

Theorem 20.6. The rank series of the cohomology ring of Aoo is 

b t (d)+t d+1 a t (d',d')+ 

d'-l/2 s 

+t 2d+2 Y, Pt(2a,d+l-2a) + t d+1 Yt A{d '- 3) P(2j,d+l-j) 

a=0 j=0 

In the case d = 4s + 3 there is an additional term t 2d+2 s(d', d'). 

Proof. The cohomology algebra of A.<z r for r odd is generated by ker d®'* ; the cohomology 
classes <tq, Iq a , and Td>- S ,p, i~d', p . In the case d = 4s + 3 there are also classes Iq. □ 

21. The cohomology group of A r for d = 4s + 2 
Theorem 21.1. The rank series of the cohomology ring of Ai is 

d/2 

t d+1 p t (0, d+l)} + t d+1 Y Pt(a, d + l-a). 

a=l 

Proof. By Remark 15.6, for d even the spectrum Ai splits as 

Ax = [Ai(0, d + 1)] V [Ai(l, d)/A ] V • • • V [Ax (d/2, d/2 + 1)/A ]. 

□ 

Theorem 21.2. The rank series of the cohomology ring of A2 r for r odd is 

s s 

b t (d) + t d+1 Y t 4( - 2s+1 ~ j) p(2j + 1, d - 2j) + t 2d+2r Y Pt(2i, d-2i). 

j=0 i=0 

Proof. The cohomology algebra of A2 r is generated by kerc^'*, which contributes the 
polynomial bt(d); the classes T2 S -j+i, P for j = 0, ...s, which contributes the second term; 
the classes U2i,d-2i,2r ^ep for each i = 0, s and p G V(2i, d — 2i). □ 

Theorem 21.3. The rank series of the cohomology ring of A2 r +i for r odd is 

s s 

b t (d) + t d+1 Y t^ 2s+1 - j) p{2j + l,d- 2j) + t 2d+2r+1 J2 Pt&h d - 2i). 

j=0 i=0 

Proof. The cohomology algebra of A2 r +i is generated by kerd^'*; the classes T2 S -j+i, P 
for j = 0, ...s; and the cohomology classes 

^2i,d-2i,2r+l ^ e P~ ^2i,d-2i,2r+l ^ e P 

for each non- negative integer i < s and p G V(2i, d — 2i). □ 
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Theorem 21.4. The rank series of the cohomology ring of A.2 r for r even is 

s 

b t (d) + t d+1 t 4(2s+1 ' j) p(2j + 1, d - 2j)+ 



3=0 

2s 



+t d+2r s t {2s + 1, 2s + 1) + t d+2r Pt(a, d-a). 

a=0 

Proof. The cohomology algebra of A2 r +i is generated by kerc^'*; the classes T2 S -j+i, P 
for j = 0, ...s; and the cohomology classes U a ^d-a,2r ^ P for each a = 0, ...,2s and 
p S V(a, d-a); and for a = 2s + 1 and p £ SV{2s + 1, 2s + 1). 

□ 

Theorem 21.5. The rank series of the cohomology ring of A2 r +i for r even is 

s 

b t (d) + t d+1 t A{2s+1 ' j) p{2j + l,d- 2j)+ 

3=0 

2s 

t d+2r+1 a t (2s + 1, 2s + 1) + t d+2r+1 Pt(a, d - a). 

a=0 

Proof. The cohomology algebra of A2 r +i is generated by kerd^'*; the classes T^ s -j+i,p 
for j = 0, ...s; and the cohomology classes 

for each a = 0, 2s and p £ V(a, d — a); and for a = 2s + 1 and each p G AV(2s + 
l,2s + l). 

□ 

Theorem 21.6. The rank series of the cohomology ring of is 

s 

b t (d) + t d+l Y t 4(2s+W) p(2j + 1, d - 2j). 

3=0 

Proof. The cohomology algebra of Aoo is generated by kera^'*, and the cohomology 
classes T2 S -j+i, p for j = 0, ...s. □ 



22. Rational homotopy theory 

Let X be a simply connected space with H*(X; Q) of finite type. Then, by the Hopf 
theorem, H* (SIX, Q) is a free graded commutative algebra and, by the Cartan-Serre and 
Milnor-Moore theorems, the Hurewicz homomorphism 

ir*(nx)®Q^ p*(nx) 

is an isomorphism onto the primitive subspace for H*(£IX), e.g., see [12, Theorem 
10.7] where the primitive elements are identified with those classes whose Kronecker 
pairing vanishes with any cohomology class x that decomposes as a product x = yz 
of cohomology classes in positive degrees. Furthermore, the space Q.X has a rational 
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Table 10. Linear generators of ker(cZ 1 '*). 



d = 4s 


where 

pep' 2s _ j P(2j + l,4s-2j), 
j = 0, s - 1; a = 0, 2j + 1; 6 = 4s + 1 - a 


where 

Q G SV{2s, 2s); a = 0, 2s; 6 = 4s + 1 - a 


d = 4s + 1 


where 

Q G eP(a, b), a = 0,2, 4, 2s, b = 4s + 2 - a 


„ / i \aTT ~. 

r 2s +i-j, P = 2^ (-1) C/oAi ~P 
where 

pe P ' 2s+1 _ j V(2j,4s + 2-j), 
j = 0,...,s; a = 0,...,2j; o = 4s + 2 — a 


where 

Q G AV(2s + 1, 2s + 1), a = 0, 2s + 1; b = 4s + 2 - a 


d = 4s + 2 


where 

pGp 2s+1 _ j P(2j + l,4s + 2-2j), 
j = 0, s; a = 0, 2j + 1; b = 4s + 3 - a 


^Q = £ a ,6 

where 

Q G 5P(2s + 1, 2s + 1), a = 0, 2s + 1; b = 4s + 3 - a 


d = 4s + 3 


^Q,a = £4,6,1 

where 

Q G eT^a, o), a = 0, 2, 4, 2s, o = 4s + 4 — a 


= ^2s+2,2s+2,l 

where 

Q G eS-p(2s + 2,2s + 2) 


T 2s+2 -j, J , = Ea,fe (- l ) a Ua,b,l 

where 

pGp 2s _ J+2 P(2j,4s + 4-2j), 
j = 0, s; a = 0, 2j; b = 4s + 4 - a 


^Q = £ a ,6 

where 

Q G ^P(2s + 2, 2s + 2), a = 0, 2s + 2; 5 = 4s + 4 - a 



homotopy type of a weak product of spaces K (Q, n). More precisely, there are rational 
homotopy equivalences 

K(Q, 2s + i) ~q S 2s+1 and K(Q, 2s) ~ Q ftS 2s+1 . 
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Let ay. S j+ — > X and bi : S i+ — > X be maps representing the homotopy classes 
in a basis of tt*(X) <g) Q. Then the adjoints of the bj's and the loops of the a/s give rise 
to a continuous map 

n 2n * + !) x n -q n 52,11+1 x n ns2mj+i — »• 

from a weak product of infinitely many spaces. This map induces an isomorphism of 
rational homotopy groups. It also induces an isomorphism of rational homology groups 
(e.g., see the textbook [15]). 

23. Definition of cobordism groups of Morin maps 
For this section we fix a value for r = 0,l,...,oo. 

A proper map F : M — > N x [0, 1] is said to be a cobordism of two proper _4 r -maps 
fi-.Mi^Nx {i}, with i = 0, 1, if dM = M U M ± , the map F|M; : ->• N x {i} 
coincides with fa for i = 0,1, and the restriction of / to collar neighborhoods of Mq and 
M\ in M can be identified with the disjoint union of suspensions 

fo x id: M x [0, 5) — ► iV x [0, (5) 

and 

/i x id: Mi x (1 - <5, 1] — ► iV x (1 - 6, 1], 

where id is the identity map of an appropriate space, and 5 > is a sufficiently small 
real number. The classes of cobordant (proper) „4 r -maps of dimension d into a fixed 
manifold N form a semigroup H d (N;A r ) with respect to the operation which in terms 
of representatives is given by taking the disjoint union of maps. It turns out that the 
semigroup H d (N;A r ) is a group. 

Theorem 23.1. For each d > there exists an infinite loop space Q°°A r = Q.°°A r (d) 
such that for each manifold N, the cobordism group H d (N;A r ) is isomorphic to the 
group [N, Q OD ~ d A r ] of homotopy classes of maps. 

In the stated form Theorem 23.1 is proved by the author [50]. With additional 
assumptions that N is closed and dim A > 2, it is proved in the paper [47] and a 
closely related theorem is proved by Ando in [5]. In the case d < 0, the theorem for 
cobordism groups of „4 r -maps is also true; its versions are due to Ando [5], Szucs [54] and 
the author [47], [50]. The spectrum A r is a counterpart of the spectra constructed by 
Eliashberg, who was motivated by Lagrangian and Legendrian immersions [14] (note, 
however, that in contrast to equivariant spectra in [14] and [5], the spectrum $7°°A r 
defines a cobordism theory on the category of topological spaces). 

Remark 23.2. Cobordism groups of „4 r -maps should not be confused with bordism 
groups of „4 r -maps. These two groups are different . The definition of bordism groups 
is obtained from the definition of cobordism groups by replacing "proper „4 r -maps" by 
"„4 r -maps of closed manifolds" (for details see the paper [47]). We do not claim that 
the bordism group of 1Z- maps into a manifold N is isomorphic to [TV, Q 0O ~ d A r ]. 

An „4 r -map / : M ->■ N is said to be orientable if the stable vector bundle f*TNQTM 
over M is orientable. A choice of orientation on f*TN QTM determines an orientation 
on the „4 r -map /. The oriented cobordism group of A r -maps is defined similarly to the 
cobordism group of „4 r -maps by replacing "„4 r -maps" by "oriented *4 r -maps" • 
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24. Computation of rational cobordism groups of A-maps 

From evaluation of the homology groups of E ± ' , it follows that the groups E\ , with 
i > 1, are trivial. Hence the Kazarian spectral sequence for A r singularities collapses at 
the second term. 

Corollary 24.1. For each dimension n the vector space H n (A r ) is finite dimensional. 

Proof. We have seen that H n (A r ) is of finite rank. By the Universal Coefficient Theo- 
rem, the groups H n (A r ) are also of finite ranks. □ 

Let f2°°A r denote the classifying loop space of „4 r -maps. Then, by considering spaces 
$7(0* _1 [A r ](), we conclude that H*(Q co A r ) is a free graded commutative algebra, and 
its generators are in bijective correspondence with classes in 

7T* A r ) ® Q W 7T* ( A r ) ® Q. 

On the other hand, the Hurewicz homomorphism 

7r„(A r ) ®Q — »• fr n (A r ) 

is an isomorphism (e.g., see [12, Corollary 10.11]). Thus the map J^if(Q,nj) — >■ $7°°A r 
induces an isomorphism of rational homology groups, where the product is indexed by 
a set of generators of the vector space Tr*(Q°°A) <8> Q. Thus we deduce the following 
theorem. 

Theorem 24.2. For each r > 1, the rational oriented cobordism class of an A r -map is 
completely determined by the characteristic classes described in Theorem 6.2. 

Theorem 24.3. For each r > 1, the rational oriented cobordism class of an A r -map 
into a Euclidean space is completely determined by its characteristic numbers. 

Proof. On one hand side, the rational oriented cobordism class x of an „4 r -map into a 
Euclidean space is determined by the corresponding homotopy class x' in ^(fi 00 A r )<8>Q. 
On the other hand, the image x of x' under the Hurewecz homomorphism is determined 
by the values {p, x') of cohomology classes p G H*(Q°°A r ). Finally, we observe that these 
values coincide with characteristic numbers of A-maps into a Euclidean space. □ 

It also immediately follows that for rational oriented cobordism groups "the higher 
singularities are not necessary" . 

Corollary 24.4. Every Morin map is rationally cobordant through Morin maps to a 
fold map. 

References 

[1] J. F. Adams, Stable homotopy and generalised homology. Chicago Lectures in Mathematics, Uni- 
versity of Chicago Press, Chicago, 1974. 

[2] Y. Ando, Folding maps and the surgery theory on manifolds, J. Math. Soc. Japan, 53 (2001), 
357-382. 

[3] Y. Ando, Fold-maps and the space of base point preserving maps of spheres, J. Math. Kyoto Univ., 
41 (2002), 691-735. 

[4] Y. Ando, Invariants of fold-maps via stable homotopy groups, Publ. RIMS, Kyoto Univ., 38 (2002), 
397-450. 

[5] Y. Ando, Cobordisms of maps with singularities of a given class, preprint, arXiv:math/0707.4329. 



INVARIANTS OF SINGULAR SETS OF SMOOTH MAPS 



59 



[6] V. I. Arnol'd, Remarks on the method of stationary phase and on the Coxeter numbers. (Russian) 

Uspehi Mat. Nauk, 28 (1973), 17-44. 
[7] V. I. Arnol'd, Normal forms of functions near degenerate critical points, the Weyl groups Ak,Dk, Ek 

and Lagrangian singularities. (Russian) Funkcional. Anal, i Prilozen., 6 (1972), 3-25. 
[8] Arnold, V. I., Gusein-Zade, S. M., Varchcnko, A. N., Singularities of differentiable maps. Vol. I. 

The classification of critical points, caustics and wave fronts, Monographs in Math. 82, 1985. 
[9] M. Barratt, S. Priddy, On the homology of the non-connected monoids and their associated groups, 

Comment. Math. Helv., 47 (1972), 1-14. 
[10] J. M. Boardman, Singularities of differentiable maps, Inst. Hautes Etud. Sci. Publ. Math., 33 (1967), 

21-57. 

[11] R. Cohen, J. Klein, Umkehr map, Homology Homotopy Appl., 11 (2009), 17-33. 

[12] B. A. Dubrovin, A. T. Fomenko, S. P. Novikov, Modern geometry-methods and applications. Part 

III Introduction to homology theory, Graduate Texts in Math., Berlin, New- York, Heidelberg, 

Springer Verlag, 1984. 

[13] J. Ebert, Algebraic independence of generalized Morita-Miller-Mumford classes, arXiv:0910.1030. 

[14] Y. Eliashberg, Cobordisme des solutions de relations differentielles, South Rhone seminar on geom- 
etry. I, Lyon, 1983, Travaux en Cours, 1984, 17-31. 

[15] T. Felix, S. Halperin, J.-C. Thomas, Rational homotopy theory, Graduate Text in Math., 205, 
Springer- Verlag, New York, 2001. 

[16] L. M. Feher, R. Rim'anyi, Calculation of Thorn polynomials and other cohomological obstructions 
for group actions, Real and Complex Singularities (Sao Carlos, 2002), Ed. T.Gaffney and M.Ruas, 
Contemp. Math., 354, Amer. Math. S oc, Pr ovidence, RI, June 2004, pp. 69-93. 

[17] T. Gaffney, The Thorn polynomial of J] 1111 . Singularities, Part 1 (Areata, Calif., 1981), 399-408, 
Proc. Sympos. Pure Math., 40, Amer. Math. Soc, Providence, R.I., 1983. 

[18] A. Haefliger, A. Kosinski, Un theoreme de Thom sur les singularites des applications differentiables, 
Seminaire H. Cartan, E. N. S., Expose 8, 1956/57. 

[19] K. Ikegami, Cobordism group of Morse functions on manifolds. Hiroshima Math. J. 34 (2004), 
211-230. 

[20] K. Ikegami, O. Saeki, Cobordism group of Morse functions on surfaces, J. Math. Soc. Japan 55 
(2003), 1081-1094. 

[21] K. Ikegami, O. Saeki, Cobordism of Morse maps and its applications to map germs, Math. Proc. 

Cambridge Philos. Soc, 147 (2009), 235-254. 
[22] K. Janich, Symmetry properties of singularities of C°°-functions, Math. Ann. 238 (1979), 147-156. 
[23] B. Kalmar, Fold maps and immersions from the viewpoint of cobordism, preprint, 

arXiv:math/0705.2731. 

[24] B. Kalmar, Fold cobordisms and stable homotopy groups, preprint, arXiv:math/0704.3147. 
[25] B. Kalmar, Cobordism group of Morse functions on nonoriented surfaces, preprint, 
arXiv:math/0402365. 

[26] B. Kalmar, Cobordism invariants of fold maps, preprint, arXiv:math/0709.0350. 

[27] M. Kazarian, Classifying spaces of singularities and Thom polynomials, in: New developments in 

Singularity Theory (Cambridge 2000), NATO Sci.Ser. II Math. Phys. Chem. 21, Kluwer Acad. 

Publ., Dordrecht, 2001, 117-134. 
[28] M. Kazarian, Thom polynomials for Lagrange, Legendre, and critical point function singularities, 

Proc. LMS. 86 (2003), 707-734. 
[29] M. Kazarian, Multisingularities, cobordisms, and enumerative geometry (Russian), Uspekhi Math. 

Nauk 58 (2003), 665-724; translation in Russian Math. Surveys, 58 (2003), 665-724. 
[30] M. Kazarian, Characteristic classes in singularity theory (Russian), Habilitation thesis, Steklov 

Math. Inst., 2003, 1-275. 

[31] P. S. Landweber, Cobordism operations and Hopf algebras, Trans. Amer. Math. Soc, 129 (1967), 
94-110. 

[32] I. Madsen, M. S. Weiss, The stable moduli space of Riemann surfaces: Mumford's conjecture, 
preprint, arXiv:math/0212321. 

[33] D. Montgomery, L. Zippin, Topological transformation groups, Interscience Publishers, New York- 
London, 1955. 



60 R. SADYKOV 

[34] D. Mumford, Towards an enumerative geometry of the moduli space of curves, in Arithmetic and 

geometry, Vol. II, Birkhauser Boston, Boston, MA (1983), 271-328. 
[35] E. Miller, The homology of the mapping class group, J. Diff. Geom., 24 (1986), 1-14. 
[36] S. Morita, Characteristic classes of surface bundles, Invent. Math., 90 (1987), 551-577. 
[37] S. P. Novikov, The methods of algebraic topology from the viewpoint of cobordism theories, Izv. 

Akad. Nauk S.S.S.R., Seria Matemat., 31 (1967), 855-951. 
[38] T. Ohmoto, A geometric approach to Thorn polynomials for C°° stable mappings, J. London Math. 

Soc, 47 (1993), 157-166. 

[39] T. Ohmoto, O. Saeki, K. Sakuma, Self-intersection class for singularities and its application to fold 

maps, Trans. AMS 355 (2003), 3825-3838. 
[40] I. Porteous, Simple singularities of maps, Proceed, of Liverpool Singularities Symposium, I 

(1969/70), pp. 286-307; Lecture Notes in Math., Vol. 192, Springer, Berlin, 1971. 
[41] R. Rimanyi, Generalized Pontrj agin- Thorn construction for singular maps, Ph.D. Thesis, Eotvos 

University Budapest 1996-97. 
[42] R. Rimanyi, Thorn polynomials, symmetries and incidences of singularities. Invent. Math., 143 

(2001), 499-521. 

[43] R. Rimanyi, Computation of the Thorn polynomial of E 1111 via symmetries of singularities; in Real 
and Complex Singularities, Chapman and Hall RNM 412, pp. 110-118, 2000 

[44] R. Rimanyi, A. Sziics, Generalized Pontrj agin- Thorn construction for maps with singularities, Topol. 
37 (1998), 1177-1191. 

[45] F. Ronga, La calcul des classes duales aux singularites de Boardman d'order 2, Comm. Math. Helf., 
47 (1972), 15-35. 

[46] Y. Rudyak, On Thorn spectra, orient ability, and cobordism, Springer Monographs in Mathematics, 

Springer- Verlag, Berlin, 1998. 
[47] R. Sadykov, Bordism groups of solutions to differential relations, preprint, 2004, revised version: 

arXiv:math/0608460. 

[48] R. Sadykov, Fold maps, framed immersions and smooth structures, preprint, arXiv:0803.3780. 
[49] R. Sadykov, Stable characteristic classes of smooth manifold bundles, arXiv:0910.4770. 
[50] R. Sadykov, The bordism version of the h-principle, arXiv: 1002. 1650. 

[51] O. Saeki, Cobordism groups of special generic functions and groups of homotopy spheres, Japanese 

J. Math. 28 (2002), 287-297. 
[52] O. Saeki, Cobordism of Morse functions on surfaces, universal complex of singular fibers, and their 

application to map germs, Alg. Geom. Topol. 6 (2006), 539-572. 
[53] R. E. Stong, Notes on cobordism theory, Princeton Univ. Press, Princeton, 1968. 
[54] A. Sziics, Cobordism of singular maps, arXiv:math/0612152. 

[55] R. Thorn, Les singularites des applications differentiables, Ann. Inst. Fourier (Grenoble), 6 (1955- 
1956), 43-87. 

[56] V. A. Vassilyev, Lagrange and Legendre characteristic classes. Translated from the Russian. Ad- 
vanced Studies in Contemporary Mathematics, 3. Gordon and Breach Science Publishers, New 
York, 1988. x+268 pp. 

[57] V. A Vassilyev, Lagrange and Legendre characteristic classes, with Appendix "Characteristic spec- 
tral sequence of singular classes" by M. Kazarian, in Russian, Moscow, MCCME, 2000. 312pp. 

[58] C.T.C. Wall, A second note on symmetry of singularities, Bull. London Math. Soc, 12 (1980), 
347-354. 



Table 11. Differential d\* in the case d = 4s. 



(eU 2s ,2s,2 © U 2s ,2s,2) ^AV\pi, . . . ,p s ,p'i, -,p' s } 



> U 2s -l,2s+l,2 ^Q[Pl, • • • ,Ps-l,p[, -,p' s ] 



U 2s -l,2s+2,l ^Q[Pl, ■ ■ ■ ,Ps-1,P[, -,P' s+ l] 



U 2s -2,2s+3,l ^Q[Pl, ■ ■ ■ ,Ps-l,p[, -,P' s+ l\ > (eU 2s -2,2s+2,2 © U 2s -2,2s+2,2) ^Q[Pl, ■ ■ ■ ,p s -l,pi> -,P' s+ i] 



c/ 2 



s-3,2s+4,l ^V?LP1 



U 3 ,4s-2,1 ^Q\pi,p'l,-,P2s-l\ 



U 2 ,4s-l,l ^Q\P1,P[, -,p' 2 s-l\ 



U 2s -3,2s+3,2 ^Qbl) • • • ,Ps-2,p[, -,p' s+1 ] 




^ ^3,48-3,2 ^Q[pi,pi, •••,P 2s -2] 



(eC/ 2 ,4 S -2,2 © ^2,4s-2,2) ^Q[Pl,^i, -,P2 8 -l] 



H 

CO 

O 



O 

f 
> 

CO 

3 
H 

CO 

O 
3 



O 

o 



> 

CO 



tfl,4s,l -Q[pi,...,j/ 2S 



^l,4s-l,2 ^Qbi, -ji^s-l] 



(e£/ ,4 S ,2 © f7o,4 S , 2 ) -Qbi, -,y 2s 



05 



Table 12. Differential d\'* in the case d = 4s + 1. 



U 2s +i,2s+i,i ^AV\pi, . . . ,p s ,p' v -,p' s ] 



-*0 



(e^ 2s ,2 S +2,l t/ 2s ,2 S +2,l) ~Q[Pl, • • • ,Ps,P'l, -,P's+l} >■ U 2s ,2s+1,2 ^Q[pi, • • • ,Ps,P[, -,P' S ] 



U 2s -l,2 S +3,l ^Q[P1, • • • ,p s -l,pi, ...,j/ s+ l] ^28-1,28+2,2 ^Q[pi, • • • ,Ps-l,p[, --iP's+l} 



(eU 2 s-2,2s+4,l © f7 2s -2,2s+4,l) ^Q[pi, • • • ,Ps-l,p[, -,^+2] ^ ^2s-2,2s+3,2 ^Q[pi, • • • ,£>s-l,Pi, -,p' s+ l] 



^2 S -3,2s+5,l ^Q[Pl, • • • ,Ps-2,P[, -,p' s +2\ 



^3,4s-l,l ^Q{P1,P[, -,P2 s -l] 



^2s-3,2s+4,2 ^Q[P1, • • . ,p s -2,Pi, -,^+2] 




^3,4s-2,2 ^Qbl,Pl,---,pL-l] 



3 

CO 

> 

*: 
3 



(eC/2,4s,l © ^2,4s,l) ^Q\P1,Pi, -,P2s 



U 2 ,4s-l,2 ^Q\P1,p'i,-,P 2s -1 



^l,4s+l,l ^Qbi)-)P2s] 



tw -Q[p;,...,py 



(eC/ ,4 S +2,l © ^0,4s+2,l) ^Qbi, -,P 2s +l] 



^0,4s+l,2 ^Q[Pi, ■■;P2s 



Table 13. Differential d\'* in the case d = 4s + 2. 



U 2s +l,2s+2,l ^Q[pi, • • -,Ps,p'i, -,P' S +1\ 



U 2s +l,2s+l,2 ^AV[pi, . . .,p s ,p'i, -,p' s ] 



U 2s , 2s +3,1 ^Q[P1, • • • -,P' s+ l\ > (e^ 2s ,2s+2,2 © ^2s,2s+2,2) ^Q[pi, • • • ,Ps,2?i, 



^2s-l,2s+4,l ^Q[Pl, • • • ,Ps-l,p'l, -,P' s +2\ 



U 2s -l,2s+3,2 ^Q[Pl, ■ ■ • ,p s -l,pi, -,p' s+ l\ 



U 2s - 2 , 2s +5,l ^Q[Pl, • • • -,Ps +2 ] (et/2s-2,25+4,2 © ^2s-2,2s+4,2) ^Q[pi, • • • ,£>s-l,Pl, •••,£ / s+2 ] 



^3,4s,l ^Q[Pl,Pi, •••,P 2 J 



^3,48-1,2 ^Q\Pl,p'l,-,P2s-l\ 



^2,4s+l,l ^Q[P!,Pi, -,P 2s ] 



(e^2,4 S ,2 © ^2,4s, 2 ) ^Qbl.Pl. 



^l,4s+2,l -Q[Pi,...,y 2 5+l] 



^l,4s+l,2 ^Qb'l; -,P2s] 



^0,4s+3,l -Q[K,---,PL+l] 



(e[/ ,4s+2,2 © ^0,4s+2,2) ^Qb'n -.P2s+l] 



Table 14. Differential d\* in the case d = As + 3. 



U 2s +2,2s+2,i ~ (AP e5"P)[pi, . . . ,p s+ i,p[, ...y a+ i] 



^0 



^2s+l,2s+3,l ^Qbl> • • • ,Ps,Pi, -,P's+l\ 



U 28 +l,2s+2,2 ^Q[Pl, ■ ■ ■ ,Ps,p[, -,P' s +l\ 



(eU 2s ,2s+4,l © ^2s,2 S +4,l) w Q[Pl, • • • ,Ps,P'l, -,P' s+2 \ ^2 S ,2s+3,2 ^Q[pi, • • -,Ps,p'l, -,p's+l} 



U 2s -l,2s+5,l ^Q[P1, • • • ,p s -l,Pi, -,p' s+ 2] 



C/2s-l,2 S +4,2 ^Q[Pl, • • • ,Ps-1,P'i, ■■;P's+2\ 



(ef7 2s -2,2s+6,l © fr2s-2,2s+6,l) ^Q[Pl, • • ■ ,Ps-l,Pl, -,^+3] * U 2s - 2 , 2s +5,2 ^Q[pi, • • ■ ,p s -l,pi, -,// s + 2 ] 
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CO 

> 

*: 
3 



^3,4s+l,l ^Q[Pl,p'l, -,P 2s 



(eU 2A s+2,l © ^2,4s+2,l) ^Q[Pl,Pl, -,f4,+l] 



U 2 ,4s+1,2 ^Q\P1,P'i, -,P 2s \ 



^1,48+3,1 ^Q[pi,-,P 2s +l] 



U lt 4s+2,2 ^Q\p'l,-,P 2s +l\ 



(eU 0As+ 4,i © ?7o,4 S +4,i) ^Qb'n -.P2S+2] 



^0,4 S +3,2 ^Q[Pi>->P2 S +l] 



